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ABSTRACT 

This article is based on the publications [H EJ [3] and the author's PhD-thesis. We study 
geometric transitions on the supergravity level using the basic idea of p] , where a pair of non- 
Kahler backgrounds was constructed, which are related by a geometric transition. Here we 
embed this idea into an orientifold setup as suggested in [3]. The non-Kahler backgrounds we 
obtain in type IIA are non-trivially fibered due to their construction from IIB via T-duality 
with Neveu-Schwarz flux. We demonstrate that these non-Kahler manifolds are not half-flat 
and show that a symplectic structure exists on them at least locally. 

We also review the construction of new non-Kahler backgrounds in type I and heterotic theory as 
proposed in [2]. They are found by a series of T- and S-duality and can be argued to be related 
by geometric transitions as well. A local toy model is provided that fulfills the flux equations 
of motion in IIB and the torsional relation in heterotic theory, and that is consistent with the 
U-duality relating both theories. For the heterotic theory we also propose a global solution that 
fulfills the torsional relation because it is similar to the Maldacena-Nunez background. 
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1 Introduction and Outline 



Apart from being the most promising candidate for a theory of quantum gravity, string theory 
has provided many insights that are not directly related to the quest for the ultimate theory. 
One example are gauge/gravity dualities, which can bridge the divide between Planck scale and 
low energy physics. They provide a means to construct gauge theories from dual supergravity 
backgrounds. 

The first example was provided by the AdS/CFT correspondence, which relates a string 
theory on AdS$ x S 5 to a superconformal J\f = 4 field theory. However, we would like to be able 
to embed the (Minimally Supersymmetric) Standard Model (MSSM) of Particle Physics into 
a four-dimensional, low energy effective description of string theory, in other words we want 
to describe realistic gauge theories with running coupling and less or no super symmetry. The 
conformal invariance and some supersymmetry can be broken in certain models that contain 
D-branes extended along Minkowski space as well as the compactified directions. 

Since the gauge theories obtained in this way are asymptotically free, they are accessible to 
perturbation theory in the high energy regime (UV). The strong coupling regime (IR), on the 
other hand, still poses one of the greatest challenges in field theory calculations. Quantum Chro- 
modynamics, for example, becomes already strongly coupled at rather high energies, typically 
around lGeV. It is therefore highly desirable to gain a better understanding of non-perturbative 
phenomena and to find tools for computing strongly coupled quantities. 

This work was motivated by the search for dualities between weakly and strongly coupled 
gauge theories from a string theory perspective. Suppose a gauge theory that has a good weakly 
coupled description in the UV is dual to another, strongly coupled theory. One can then analyze 
the strong coupling behavior by considering only the dual, weakly coupled theory. String theory 
is able to describe such gauge theory dualities by embedding them in string theory dualities, 
which are called "geometric transitions" [U [5] . 

The weak-strong duality in geometric transitions is a duality between different string theory 
backgrounds, in particular, between different geometries. Whereas the weakly coupled gauge 
theory can be described by an open string theory on D-branes, the strongly coupled theory 
is described by a closed string theory on a different background geometry. String theory then 
provides quantities relevant for the supersymmetric field theories, it can for example compute 
superpotentials. 

The gauge theory described by [3j and [5] was M = 1 pure Super- Yang-Mills obtained from a 
geometric transition on conifold geometries. Conifolds are non-compact Calabi-Yau manifolds. 
It has become apparent over recent years that string compactifications (with flux) can lead to 
more general (non-Kahler) manifolds. Such "flux compactifications" have some advantages over 
Calabi-Yau compactifications. In particular, they can address the moduli fixing problem. It is 
therefore the aim of this work to suggest new non-Kahler manifolds, that are also connected by 
a geometric transition. 

One would furthermore like to construct models that can describe more phenomenologically 
interesting gauge theories. A first step in this direction is to add matter to the Super- Yang-Mills 
theory, which can be achieved with certain additional D-branes. Next steps would include to 
replace the non-compact "internal" manifolds with compact ones and to break supersymmetry 
completely. However, the latter two topics are not part of this work. 
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1.1 String Theory and Gauge Theories 

There are five different consistent superstring theories in ten dimensions: type IIA and IIB 
theory of oriented closed strings, type I theory of unoriented open and closed strings and two 
heterotic theories, which contain oriented closed strings [6j (HJ [9]. Their massless bosonic 
spectra are summarized in table [TJ 

Taking a closer look at the type II spectrum we see that the low energy limit represents 
IIA and IIB supergravity (IIA being the trivial dimensional reduction of 11-dimensional N = 1 
supergravity). The massless NS-NS spectrum consists of the metric g^u, a scalar <j) (the dilaton) 
and an antisymmetric tensor B^ u (the B-field). The fermionic sector contains two spin-3/2 and 
two spin-1/2 states, the former being termed gravitini, since they are the natural superpartners 
of the spin- 2 graviton. Type IIA contains the RR p-forms of odd p (a U(l) gauge field and 
a three-form Cp Vp \ whereas IIB contains those of even p (a scalar Xi a two-form and a 
four-form with self-dual field strength). We will in the following always use the symbol C p for 
the RR gauge potentials and F p+ \ = dC p for their fieldstrengths. 

One can obtain unoriented closed strings by gauging type IIB by the worldsheet parity Q, 
meaning one projects out all states that are odd under orientation reversal of the worldsheet. 
This theory would only contain g^ u , (ft and the RR 2-form in its spectrum (as well as an even 
combination of fermions). Since half of the states are projected out, this unoriented version 
of type IIB has only M = 1 supersymmetry. This theory is not consistent by itself, but it 
can be combined with another theory: the theory of open unoriented strings (which is also not 
consistent by itself) that contributes an M = 1 super- Yang-Mills multiplet (a gauge boson in 
the adjoint representation of SO (32) and its superpartner, a gaugino) to the massless spectrum. 
Together they form type I. It will become essential in section [5] that type I can be viewed as a 
"projection" (a so-called orientifold) of type IIB. 

Heterotic string theory contains oriented closed strings, but only the right movers show 
supersymmetry whereas the left movers are described by bosonic string theory. The latter 
one requires d=26, the former one d=10, so the left movers have to be compactified on a 16- 
dimensional, even and self-dual lattice. There are only two such lattices, giving rise to a gauge 
group Eg x Eg or SO(32). For heterotic SO(32) the massless spectrum looks suspiciously close 
to type I theory. And indeed, both theories are connected by S-duality [10J and the heterotic 
string theory can be viewed as a soliton of type I [11]. We will have more to say about this 
duality in section 15.31 



Theory 


massless bosonic states 


susy in d=10 


gauge group 


IIA 
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IIB 
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Type I 
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SO(32) 


Heterotic 50(32) 
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N = l 


SO(32) 
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N = l 


E& x E 8 



Table 1: The massles spectra of the five superstring theories. Only type I and heterotic contain 
non-Abelian gauge bosons. 
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D Branes 



Open string worldsheets have boundaries, or in other words, these strings have endpoints, which 
can fulfill Dirichlet or von-Neumann boundary conditions. Dirichlet boundary conditions in p 
spatial directions restrict the string endpoint to a p-dimensional hyper-surface which has been 
termed Dp-brane. Dirichlet boundary conditions were disregarded for a long time, since they 
do not restrict momentum flow off the string. It was discovered in [12] that these D-branes are 
actually dynamical objects, they can interact with strings and they are also charged under RR 
gauge potentials. The (p + l)-dimensional worldvolume of a Dp-brane couples naturally 
to an RR {p + l)-form 



which is called "electric" coupling since it has the same form as a photon coupling to the worldline 
of a point particle. D-branes can also be viewed as magnetic sources for RR fields. Like the 
photon fieldstrength F = dA creates a flux through a two-dimensional (Gaussian) surface, an 
RR fieldstrength F p = dC p -\ creates a flux through a (8 — p) -dimensional hypersurface. This 
implies that a Dp-brane is an electric source for the same field for whom a D(6 — p) brane is the 
magnetic source. This is simply an expression of Hodge duality in d = 10 for RR fieldstrengths. 
According to their RR spectrum type IIA contains Dp-branes with p = even and IIB with 
p = odd. Type I contains the RR two-form which couples to a Dl-brane (or magnetically to a 
D5-brane). But since it is a theory of open strings (whose endpoint are free to move through 
the (9+l)-dimensional target space), type I also contains spacetime filling D9-branes. Note 
that due to the absence of RR gauge fields in the heterotic spectrum, there cannot be any D- 
branes in heterotic string theory. There are, however, the equivalents for the NS field, so-called 
NS5-branes. 

Since D-branes are electrically charged they repel each other. This force is balanced by 
their gravitational attraction, so a system of parallel D-branes is stable and preserves the same 
supersymmetry as a single D-brane. 

The concept of anti-D-branes with opposite charge has also been introduced. These would 
attract D-branes and eventually annihilate each other. Such systems break supersymmetry and 
are of particular interest for cosmology [13] . On compact manifolds one often seeks a mechanism 
to cancel D-brane charges, since there cannot be any net charge in a compact space. Apart 
from anti-D-branes one can consider orientifold planes (O-planes), which also carry negative 
charge but are non-dynamical objects. They arise in orientifolds, which combine gauging by a 
spacetime symmetry (orbifold) with the worldsheet parity 12, see e.g. T3]. Each fixed "point" of 
such a symmetry is actually a hyperplane, this is the orientifold planqj. Orientifold planes have 
been used successfully in compactifications with D-branes |15j-|22j. but since we only deal with 
non-compact manifolds, we are not required to introduce a charge-cancellation mechanism. 

D-branes interact by exchanging gravitons (closed strings). But a closed string can fuse 
with a brane and split into an open string with both endpoints on this brane. This heuristic 
argument shows that a closed string theory with branes must also contain open strings. Since 

1 On the orientifold plane the theory is unoriented and half the states are projected out from an oriented theory. 
In this sense, type I can be understood as type IIB with spacetime filling D9-branes (to introduce open strings 
whose endpoints can move freely in all directions) and 09-planes (to render them unoriented) . 




(1.1) 
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type II theories contain RR p-forms and their sources, D(p-l)-branes, they should also contain 
open strings in addition to the closed oriented strings. But we have seen above that open strings 
contain only half as much super symmetry as closed oriented strings. This is explained by the 
D-branes themselves being BPS states that preserve half the supersymmetry. In the bulk the 
theory is essentially type II whereas on the brane it is (an oriented version of) type I. 

D-branes provide the possibility of obtaining interesting gauge theories from type II, because 
they have non-Abelian gauge theories on their worldvolume. Depending on whether the strings 
ending on the D-branes are oriented or unoriented, they give rise to different gauge groups. In 
the simple case of open strings between N parallel D-branes (a so-called stack of D-branes) the 
gauge group is either U(N) or SO(N) for oriented or unoriented strings^], respectively. Letting 
the D-branes extend along (3+1) Minkowski space results in a gauge theory in our "observable 
universe". One can engineer phenomenologically interesting gauge theories depending on the 
internal compactification manifold and the orientation the D-branes take in these extra dimen- 
sions. Engineering Standard-Model like gauge groups from intersecting D-brane scenarios has 
also been quite successful, see for example [23]-|28j. 

String Theory Compactifications 

So far we have only considered strings in flat 10-dimensional Minkowski space. To make contact 
with experimental observations, one needs to explain why the six extra dimensions are not 
detected. The usual approach is to assume them to be compactified on such small length scales 
that they are not visible in present day experiments. To preserve 4d Poincare invariance, one 
assumes the 10-dimensional space to be a direct product of (warped) (3+l)-dimensional flat 
Minkowski space and a six-dimensional internal manifold, i.e. the metric of the internal space 
does not depend on external coordinates. 

We are especially interested in the case where these compactifications preserve some super- 
symmetry. Let us first discuss the case where all vacuum expectation values of the antisymmetric 
NS and RR tensors, these are called "fluxes", are set to zero. Then the supersymmetry condi- 
tion in 4d translates into the existence of a covariantly constant spinor on the internal manifold, 
which characterizes a Calabi-Yau manifold. A Calabi-Yau is a complex manifold with SU(3) 
holonomy, in other words it is Kahler and Ricci-flat (see e.g. |29[ [30] for a review on complex 
geometry). In this case the external space is simply given by flat (3+1) Minkowski space. Com- 
pactification of type II theories on a six-dimensional Calabi-Yau manifold preserves J\f = 2 in 
4d and ]\[ = 1 for type I/heterotic. The corresponding low energy effective actions (for type II) 
have been worked out for example in |31[ [52] . 

However, a larger class of compactification manifolds is possible if one allows for vacuum 
expectation values of the NS and RR fieldstrengths. This idea was already raised many years 
ago [331 EH EH]. In such "flux compactifications" the ten-dimensional space is a product of 
warped (3+1) Minkowski space and an internal manifold, which is no longer a Calabi-Yau. In 
contrast to the Calabi-Yau case, supersymmetry now only requires a nowhere vanishing, globally 
defined SU(3) invariant spinor, which characterizes a manifold with SU(3) structure, but not 
SU(3) holonomy, see section [J] for details. These manifolds are in general non-Kahler, but they 
are often not even complex. See [36J for a comprehensive review of flux compactifications. 

2 For unoriented strings a gauge group Sp(N) is also possible [7]. 
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Flux compactifications have another major advantage: They often allow one to fix some 
moduli of the theory |X6|, I22j. |37j-|43]. Moduli are scalar fields in the effective field theory that 
arise during compactification, they describe for example deformations of the complex structure of 
the compactification manifold or result from the Kaluza-Klein reduction of the ten-dimensional 
fields. Since their values are generally not fixed, they parameterize a continuous family of vacua. 
The space of all possible background values for these fields is called the moduli space. As these 
scalars are not observed in four-dimensional physics, they have to become sufficiently massive, 
for example by acquiring a vacuum expectation value. Fluxes can generate potentials for some 
moduli in the effective theory that fix those expectation values. 

Despite those advancements we are still faced with the problem that there might be an 
infinite number of vacua that can arise from string theory compactifications. It seems there is a 
"landscape" [Sj of four-dimensional vacua with a few inhabitable islands. Based on statistical 
analyses it has been suggested recently that the chances of finding an MSSM compatible vacuum 
might be one in a billion [45J. 

As geometric transitions provide a duality between a background with D-branes and a 
background with only flux, they may also serve as a mechanism to explain the origin of the 
fluxes in flux compactifications that do not use D-branes. The appearance of flux can be 
naturally understood in the dual theory which contains their sources, the D-branes. 

M Theory, F Theory and Dualities 

The five superstring theories described above are related by a web of dualities. They are therefore 
believed to be different limits of one unique theory, .M-theory, see e.g. 061 STJ 08] and 
references therein. We already noted that they all contain supergravity multiplets in their 
massless spectrum and that type IIA contains precisely the M = 2 d=10 supergravity multiplet 
that one obtains by trivial dimensional reduction of J\f = 1 d=ll supergravity. One might 
therefore suspect that M. -theory, whatever it may be, reduces to N = 1 d=ll supergravity in 
its low energy limit. This interpretation of .M-theory as an 11-dimensional theory can be made 
more precise by considering the strong coupling regime of type IIA, in which its BPS spectrum 
(of DO-branes) looks like a Kaluza-Klein tower. .A/f-theory can therefore also be viewed as the 
strong coupling limit of type IIA in which an extra dimension with radius R ~ g s opens up, g s 
being the string coupling in IIA. 

Reducing 11-dimensional supergravity on an interval S 1 /Z% one can obtain heterotic Eg x E% 
similarly as a weak coupling limit. At each end of the interval (whose length is proportional 
to the string coupling) there are spacetime filling 9-planes with gauge group Eg on them. One 
brane is usually called the hidden sector, the other one carries our observable world. 

This establishes type IIA and heterotic Eg x Eg as limits of the same theory. T-duality relates 
both type II and both heterotic theories to each other, and S-duality relates type I to heterotic 
SO(32). Roughly speaking, T-duality states^ that a theory compactified on a circle with radius 
R is dual to another theory on a circle with radius 1/R. It also has a non-trivial action on 
D-branes as it exchanges Dirichlet and von-Neumann boundary conditions. T-duality along a 
direction parallel to the Dp-brane turns it into a D(p — 1) brane; T-duality along a direction 

3 A more thorough discussion of this duality is relegated to appendix iBl 
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transverse to the Dp-brane turns it into a D(p + l)-brane. This can consistently turn the IIA 
spectrum into the IIB spectrum and vice versa. 

S-duality is a strong-weak coupling duality that relates one theory at coupling g s to another 
one at l/g s . IIB is actually self-dual under this symmetry (since S-duality is part of the 
SX(2,Z) symmetry of IIB), whereas heterotic SO(32) is dual to type I. It might seem peculiar 
that heterotic and type I can be dual, since their fundamental objects (open versus closed strings, 
Dl and D5-branes versus NS5-branes) are so distinct. But in the strong coupling limit of type 
I its Dl branes become light and its fundamental strings become heavy, so that the Dl-branes 
of type I can actually be interpreted as the fundamental strings of the heterotic theory [10] . It 
is amazing that this duality can relate an oriented to an unoriented theory. 

The only missing link in the duality web is then the one between type IIB and type I, but 
we established that when discussing the unoriented closed string: we can obtain type I as an 
orientifold limit of type IIB. 

Although we still lack a precise description of A4-theory, we know that its low energy limit 
reduces to 11-dimensional supergravity. By dimensional reduction one finds IIA supergravity 
and can then follow the chain of dualities to reach the other four string theories. We will make 
extensive use of this "duality chasing" to obtain one supergravity solution from another. 

There is another relation between type IIA and IIB: mirror symmetry |49j-|53j. It states that 
compactifying IIA on a manifold X is equivalent to compactifying IIB on the mirror manifold of 
X. Not only does this produce agreement of the low energy effective actions, but both theories 
are actually equivalent on the quantum level of the SCFT. The two mirror manifolds are non- 
trivially related, their Hodge numbers are interchanged. Since IIA and IIB are already related 
by T-duality one might suspect that their could be a relation between T-duality and mirror 
symmetry. This turns out to be correct, as shown by Strominger, Yau and Zaslow [33], and we 
will return to this important relation in section [27T1 

F-theory is a possible 12-dimensional theory that is related to 10-dimensional type IIB 
theory by interpreting the two extra dimensions as a compact torus. The complex structure 
parameter r of the torus is identified with the complex scalar A = x + ie _< ^ in IIB [55J. Here (f) is 
the dilaton and x is the RR zero-form (axion). The F-theory torus can be non-trivially fibered 
over the ten-dimensional base giving rise to singularities on the base. We will see in section 13.11 
that these singular points are accompanied by orientifold planes and D-branes and determine a 
IIB orientifold. 

F-theory is rather geometrical in nature and does not play the same role as A^-theory, 
since type IIB supergravity is not a Kaluza-Klein reduction of 12-dimensional supergravity. 
(There is no supergravity theory with 32 supercharges in d=12.) It has been suggested |55] as a 
geometrical interpretation of the SX(2,Z) symmetry of type IIB. More details are to be found 
in section IQand [1211551156]. 

After reviewing the dualities that will enables us to "chase" backgrounds that are valid string 
theory solutions, we now have to explain what geometric transitions are in the context of string 
theory. We will do this on the well-understood example of the conifold transition. 
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The Conifold Transition 



Conifolds are non-compact Calabi-Yau threefolds. Generically, one speaks of a conical singu- 
larity if the metric takes (in some local region) the form 

ds 2 = dr 2 + r 2 ds 2 T (1.2) 

for some base T. The point r = is then often called the conical point or the tip of the cone. 
We are interested in the case where the base T is given by 

T = T 1,1 = (SU(2) x SU(2)) /U(l) . (1.3) 

As explained in appendix [Aj this base is topologically equivalent to S 2 x S 3 . There are two 
distinct ways to smooth the singularity at r = 0, one can either blow up an or an S . The 
former manifold is then called "deformed conifold", the latter "resolved conifold" [57]. The 
transition from one geometry to the other is called a "conifold transition" and can be pictured 
as shrinking the size of the 5 3 to a point and then blowing up an S 2 : 




<j3 S 3 <j3 



Although these manifolds are non-compact and therefore not suited for string theory com- 
pactification, they provide a useful mechanism to construct gauge theories, as has been noted 
in a series of papers [581 EE EO] • Placing N parallel D3-branes at the tip of the conifold pro- 
duces an SU(N) x SU(N) superconformal gauge theory on the world volume of the D-branes 
[58] . which extend along external Minkowski space. This conformal invariance can be broken 
by "wrapping" branes on cycles in the internal manifold [59|. Consider for example D6-branes 
which extend along three internal directions. If these internal directions are compact, one uses 
the term "wrapping" . The system preserves supersymmetry when the D6-branes wrap the S s of 
the (deformed) conifolcH or when D5-branes wrap the S 2 of the (resolved) conifold. As shown in 
[59], the resulting gauge theory exhibits a logarithmically running coupling. Since the Calabi- 
Yau breaks 3/4 of the supersymmetry and the D-branes another 1/2, the gauge theory in four 
dimensions has J\f = 1 supersymmetry. 

The notion of a geometric transition in string theory was introduced in [H [5]. The basic 
idea is that a gauge theory constructed as in the last paragraph is dual to another theory which 
results from a different string theory. Let us illustrate this with the Klebanov-Strassler model 
[3]. They constructed a theory that flows in the IR towards a strongly coupled SU(N) Super- 
Yang-Mills (SYM) theory by wrapping branes on the singular conifolds (in other words the 

4 To obtain phenomenologically relevant theories one could construct compact manifolds with conical singular- 
ities. 

5 Supersymmetry requires such wrapped submanifolds to be special Lagrangian. 



8 



D-branes are wrapping a vanishing cycle). It has been known for a long time that SYM confines 
and the IR behavior is governed by the Veneziano-Yankielowicz [61] superpotentiajf] 



W(S) = N 



lo %j3- S 



'M) 



where the chiral superfield S is given by 

S = TrW a W a , (1.5) 

W a being the field strength of the vector multiplet, it contains the gaugino \ a in its bottom 
component. Minimizing the superpotential (jl.4p leads to a vacuum expectation value for the 
gaugino bilinear in the bottom component of S 

(S) = (X a A Q ) = A 3 e 2wik/N , k = l,...,N, (1.6) 

in other words, the confining theory shows gaugino condensation. A is the scale of the gauge 
theory. There are N different vacua and the gaugino vacuum expectation value leads to chiral 
symmetry breaking. The original SU(N) SYM has a chiral U(l) symmetry, but the vacuum 
breaks this to Z2. 

This behavior of the gauge theory should somehow be visible in the underlying string theory. 
The string background Klebanov and Strassler considered was the singular conifold, which can 
be written as an embedding in four dimensional complex space as 



i=i 



0, ^eC 4 . (1.7) 



This background has an obvious U(l) symmetry under Z{ — > e ia Zi, for some complex phase a. It 
should be this precise U(l) that is broken by gaugino condensation. Therefore, [3] suggested that 
the IR limit of this theory should rather be given by a string theory on the deformed conifold 



2 

fi , fie 



as the residual symmetry here is a Z2 that acts The constant fj. is called the 

deformation parameter and governs the size of the blown up S 5 . 

This is one concrete example of the interplay between gauge theories and geometry. One 
should not think of the KS model as a flow from one geometry to the other, but it is rather 
a duality between the singular and the deformed background, in the UV the former is the 
appropriate description, whereas in the IR the latter one is relevant. 

The term "geometric transition" in the string theory context is used for models like that 
developed by Vafa [5], who made the statement of the KS model more precise: The theory with 
D-branes wrapping a cycle in the resolved conifold is dual to a theory without D-branes but 
fluxes on the deformed conifold. The branes disappear in this "transition", as the cycle they 
wrap shrinks to zero size, but the dual cycle is blown up with the corresponding fluxes on it. 



'Extensions for this superpotential have been proposed |62l 1631 IM] , but they shall not concern us here. 
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For example, in IIA one starts with N D6-branes wrapping the S 3 of the deformed geometry, 
which creates an SU(N) SYM theory on the leftover (3+1) external dimensions. In the IR this 
describes a confined theory, the dual string theory background is the resolved conifold with 
blown-up S 2 and RR flux (that correspond to the branes before transition) on it. Gopakumar 
and Vafa [65j showed that this is more than just a transition on a purely geometric level. They 
showed that both theories (before and after transition) actually compute the same topological 
string amplitudes, see appendix IC.3I for details. In the following we will focus on the target 
space perspective of these models. 

What we just described has a mirror in IIB. Resolved and deformed conifolds are (approxi- 
mately) mirror to each other. Mirror symmetry on Calabi-Yaus exchanges their Hodge numbers 
h ' and h 2 ' 1 that represent the dimension of the cohomology classes H 1,1 and H 2 ' . For a blown 
up S 2 one finds h > = 1 and h 2,1 = 0, whereas the blown up S 3 has h ' = and h 2,1 = 1. 
But there is one subtlety [66]: whereas the deformed conifold has only one compact 3-cycle, 
the resolved conifold has two compact even cycles, a 2-cycle and a 0-cycle. But in the limit 
when the size of the blown up S 2 and <S 3 are small, i.e. we are at the "transition point" from 
one geometry to the other, the mirror of the resolved conifold becomes effectively the deformed 
conifolcjll |66| . This means that in IIB the UV picture is given by D5-branes wrapping the S 2 
of the resolved conifold, the IR picture is given by the deformed conifold with RR flux on the 
blown up S 3 . 

For obvious reasons, this duality is called open/closed duality, since after the transition there 
are no open strings in the theory anymore. It can also be interpreted as a large iV duality (N 
is the number of D-branes), see [5[ [65] or the discussion in appendix IC .31 

There is one last relation between deformed and resolved conifold that we need to exploit. 
They can both be obtained via dimensional reduction from a G^-holonomy manifold that is a 
cone over S 3 x S 3 [68] , where S 3 indicates a three-sphere that remains finite at the tip of the 
cone, the other one has vanishing size. Basically, the deformed conifold, a cone over 5 2 x S 3 , 
can be found by reducing on a U(l) fiber that is part of the vanishing S 3 . The six-dimensional 
manifold then possesses a blown up S 3 . The resolved conifold can also be obtained by a circle 
reduction, but this time one reduces along a U(l) fiber belonging to S 3 , so that the geometry 
one obtains is a cone over S 3 xS 2 , but this time it is the two-sphere that is blown up|f|. Both 
geometries are related by a "flop" in the G2 manifold, which simply exchanges S 3 <-> S 3 , we will 
give a more detailed description in section 13.31 All these ingredients can be connected to what 
we will call "Vafa's duality chain" throughout this article, see figure CO 



7 Strictly speaking the mirror of the resolved conifold has some variables in C* = R + x (7(1) instead of C. It 
is given by x\ + X2 + x\X2e.~ t + 1 — uv = 0, where £1,2 £ C* and u, v £ C, t is the Kahler parameter or size of S 
[661 EH- 

8 Taking fluxes and D-branes into account one actually reduces on twisted fibers and the G2 manifold is a cone 
over S 3 x S 3 /Z N - 
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Figure 1: Vafa's duality chain. By following the arrows through a series of mirror symmetry 
and flop transition we can verify the geometric transition as conjectured for IIA and IIB. 



1.2 Outline 

It is one goal of this work to verify the duality chain in figure [1] for a complete supergravity 
background including metric and all fluxes. Although geometric transitions have been embedded 
in dual brane solutions |69t I70|. an explicit supergravity analysis has not been carried out yet. 
This can be done by following the arrows in figure [1] and requires a series of T-dualities and a 
flop. 

In section [2] we discuss the first step in the duality chain, the mirror symmetry between 
resolved and deformed conifold. After that we will follow the whole duality chain in section [3] 
and we will discover non-Kahler backgrounds in type IIA whose torsion classes are analyzed 
in section HI We can furthermore use the idea of duality chasing to find new non-Kahler 
backgrounds in type I and heterotic that are also connected by a geometric transition. This will 
be presented in setion [5j 

Already the first step in this duality chain raises a puzzle: the mirror symmetry between 
resolved and deformed conifold. As we will explain in section 12.11 mirror symmetry can be 
understood as three successive T-dualities, if the manifold admits a T 3 fibration. This is the 
well-known Strominger-Yau-Zaslow (SYZ) conjecture [S3]- But as we will see, resolved and 
deformed conifold do not have the same number of isometries, it seems therefore contradictory 
that they should be mirrors. It is another aim of this work to resolve this puzzle and we provide 
one possible resolution in section [2j This will require some non-trivial manipulations to the 
metric of the resolved conifold and we can only recover a semi-flat version of the deformed 
conifold. In particular, we have to boost the complex structure of the resolved conifold, which 
is in agreement with anticipations from [53], that the large complex structure limit can be used 
in the absence of proper isometry directions. The large complex structure limit we impose is in 
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general a non-trivial action on the resolved conifold, but if we restrict ourselves to a local limit 
of the coordinates, this boost can be interpreted as a coordinate redefinition. In this sense, we 
can establish the mirror symmetry between resolved and deformed conifold only in a local limit. 

Another question arises immediately when one considers the complete supergravity solution 
for D5-branes on the resolved conifold. It has been shown in |59t IUU] that these wrapped branes 
(also called fractional branes, since they do not only act as D5-branes but also couple to fields 
that seem to be created by D3-branes) give rise to NS flux. Therefore, we do not only have 
to find the mirror of a resolved conifold, but we have to find its mirror in the presence of NS 
flux. As already considered in [H 1711 I72j . this leads to non-Kahler manifolds and seems to 
indicate that the duality chain Q] needs to be modified. We will show in section [2] that this is 
true and the mirror is actually a "non-Kahler version" of the deformed conifold. It differs from 
the deformed conifold in a very precise way, by the same "twisting of fibers" as advocated in 
|72j . but in contrast to |72j we do not find half-flat manifolds. The non-Kahler manifold we 
find only admits a symplectic, but no half-flat structure. This is not in contradiction with the 
literature, since the solution from [72j actually also admits a symplectic structure and we will 
give several arguments in section 12.41 that favor the symplectic interpretation. 

In section [3] we will follow all the steps linking the duality chain and we will demonstrate that 
it contains two non-Kahler backgrounds in IIA that we will argue also to be geometric transition 
duals. Therefore, already the duality chain as originally suggested by Vafa, gives necessarily rise 
to non-Kahler backgrounds. We will argue for the consistency of our calculation with the fact 
that we recover a Kahler background in IIB at the very end of the duality chain, which looks 
locally like a deformed conifold. An analysis of the global properties of these backgrounds will 
have to be pursued elsewhere. We will only present a local analysis, since the background we 
start with in type IIB is an F-theory orientifold whose global metric is unknown (it will contain 
singularities due to D7-branes and 07-planes). One reason we use this setup is that there 
is no known supergravity solution for D5-branes on the resolved conifold that would preserve 
supersymmetry. But as will become clear from the analysis in section [21 if we aim for a IIA 
mirror background that is close to the deformed conifold, we are restricted to the local limit 
anyway. 

The F-theory setup has another advantage apart from providing a supersymmetric solution 
for D5-branes on the resolved conifold. It enables us to suggest a generalization of Vafa's duality 
chain that includes additional D-branes which act as a global symmetry in the underlying gauge 
theory. In other words, we find a gauge theory with flavors in the fundamental representation 
of SU(2) 1& . The emergence of this additional symmetry is a convenient by-product of the 
supersymmetric solution we seek from F-theory. This will be explained in section 13.21 The 
influence of these additional branes on the gauge theory superpotential could be determined 
once we know a global supergravity solution. 

In section 0] we demonstrate how the torsion classes of the IIA non-Kahler manifolds can 
be determined. The analysis remains somewhat preliminary, since we are restricted to the local 
limit, which does not contain any information about global properties of the manifold. But we 
can nevertheless show with a quite generic ansatz for the (almost) complex structure that the 
local metric admits a symplectic but no half-flat structure. 

We can also use the concept of "duality chasing" (meaning to obtain one string solution 
from another one by applying a number of T- or S-dualities) to find type I and heterotic string 
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backgrounds. Starting with a IIB orientifold containing 07-planes we obtain a type I background 
with 09-planes after two T-dualities. Another S-duality then takes us to heterotic. We can do 
this with a IIB background before and after transition, so we find pairs of backgrounds in type 
I and heterotic. As shown in section [51 this will also lead to non-Kahler backgrounds because 
they are obtained from T-dualities with NS field. Since they are via a long duality chain related 
to an A4-theory flop, they can also be called geometric transition duals. We will provide a toy 
example in section HT31 that is consistent with the IIB supergravity equations of motion for RR 
and NS flux, their change under T-duality and the torsional relation for heterotic backgrounds. 

This implies a duality between heterotic string theory with NS5 branes and another heterotic 
theory with only flux. It would be intersting to find out what this means at the topological string 
level. Since there are no open heterotic strings, the interpretation as an open/closed duality fails. 
In this sense, the interpretation of the geometric transition we propose for heterotic strings is 
not as clear as that for type II theories. 

Although most analyses presented here are confined to the local limit, we will be able to 
propose a global solution for the heterotic background after transition by exploiting similarities 
with the Maldacena-Nunez [73] background, which is a valid heterotic solution. We will therefore 
argue that our solution is the local limit of a quite generic background that matches with MN 
for a specific choice of parameters. We will also verify the torsional relation for this background. 

Remaining open questions and future directions will be discussed in section HT2l The neces- 
sary background material is provided in a variety of appendices. This article is based on [HO [3], 
but uses the insights from [3j to repeat the calculations from [I] under new assumptions. We 
also provide some new interpretations, especially with regard to the mirror symmetry between 
resolved and deformed conifold in the local limit. 
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2 Mirror Symmetry on Conifolds 



We begin this section by reviewing mirror symmetry between IIA and IIB compactified on a 
pair of mirror Calabi-Yaus. Repeating the arguments from [73] it is demonstrated that RR flux 
does not alter the mirror symmetry between the two Calabi-Yaus (if the backreaction of the 
fluxes on the geometry is neglected) , but NS flux has non-trivial consequences |72| . The mirror 
of a Calabi-Yau with NS flux is not a Calabi-Yau anymore. This can be understood using 
the Strominger-Yau-Zaslow (SYZ) conjecture which states that mirror symmetry is the same 
as three successive T-dualities on a supersymmetric T 3 fiber inside the Calabi-Yau. T-duality 
mixes B-field and metric components, so the mirror of a Calabi-Yau with NS flux acquires a 
twisting in the T 3 fiber due to the B-field. 

After reviewing this background material, we first discuss how resolved and deformed conifold 
can be mirror to each other in the sense of SYZ although they do not possess the same number 
of isometry directions. We will show that we have to impose some non-trivial boost on the 
complex structure of the resolved conifold to find a mirror that resembles the deformed conifold. 
Furthermore, as anticipated by SYZ, we can establish the mirror symmetry only for the semi-flat 
limit of the metrics. If we furthermore turn on NS flux we find a non-Kahler manifold as the 
mirror that, apart from a B-field dependent fibration, still resembles the deformed conifold. We 
baptize this manifold the "non-Kahler deformed conifold" and argue that it is not half-flat. 

2.1 Mirror Symmetry and Strominger— Yau— Zaslow 

Compactification of type II theories on a six-dimensional Calabi-Yau manifold preserves M = 2 
in four dimensions and ]\[ = 1 for type I/heterotic, see e.g. [HI [8]. The fascinating aspect 
of these compactifications is the fact that the resulting four-dimensional theory is determined 
by the properties of the internal manifold. Let us consider type II theories compactified on a 
Calabi-Yau X that is characterized by its Hodge numbers, which represent the dimensions of 
different cohomology classes, h p,q = dimH p ' q (X,C). The IIA Kaluza-Klein reduction contains 
h ' vector multiplets, h ' 2 hypermultiplets and one tensor multiplet in the four-dimensional 
theory, whereas the type IIB reduction contains h 1,2 vector multiplets, h > hypermultiplets and 
one tensor multiplet [HI [32 JH1- 

Mirror symmetry is an expression of the fact that the theory obtained from IIA compactified 
on a Calabi-Yau 3-fold X is equivalent to IIB compactified on Y, if X and Y are mirror manifolds 
|49j-|53j. This does not only mean that one obtains the same low energy effective action in both 
compactified theories, but also agreement on the quantum level of the SCFT. This relates the 
mirror manifolds in a non-trivial way, e.g. their Hodge numbers are interchanged 

h l ^{X) = h l ' 2 (Y), h}' 2 {X) = h^\Y). (2.1) 

Mirror symmetry holds on the supergravity level when we allow for RR fluxes to be turned 
on (but their backreaction is neglected) [74J. In order to preserve four-dimensional Poincare 
invariance, we only allow for vacuum expectation values of RR fields along internal directions, 

9 The reason why Hodge numbers are the relevant quantities in this compactification is the fact that that all 
fields are expanded in harmonic forms on X and harmonic p-forms (uj p such that Alu p = (d + *d*) 2 cj p — 0) are 
in one-to-one correspondence with the cohomology group H P (X), see e.g. |29l 130] . 
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i.e. on the Calabi-Yau. Recall that IIA allows for even p-form fieldstrengths F p and IIB for 
odd p-form fieldstrengths to be turned on. There is a peculiarity about the cohomologies of 
Calabi-Yaus. Recall the Hodge diamond of a Calabi-Yau 
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where, as for all Kahler manifolds of complex dimension dim^X = 3, one finds the identities 
h ' = h 2 ' 2 and h 2,1 = h 1,2 . The dimensions of certain cohomology classes vanish, in particular 

dim(H l {X)) = dim(H 5 (X)) = 0, (2.3) 

this implies that there can be no 1- or 5-form flux turned on, since they would have to be 
expanded in a basis of harmonic 1- or 5-forms on X. Therefore, IIB can only have 3-form flux 
turned on whereas IIA allows for 0, 2, 4 and 6-form fruxea^l. And indeed, counting dimensions 
one finds 2(h ,2 + 1) 3-forms for type IIB and 2(/i 1,1 + 1) even p-forms for IIA. It was shown 
explicitely in [74] that the low energy effective actions obtained with these RR fluxes agree. 
So, even and odd RR form fluxes can be mapped precisely under mirror symmetry with the 
interchange of h l,1 (X) <-> h 1,2 (Y). 

What happens to this analysis if we also allow for NS 3-form flux H^s to be turned on? 
If we follow the same reasoning as for RR fluxes (and as advocated in [72]) we encounter the 
following puzzle: both IIA and IIB have NS flux, which corresponds to the cohomology class 
H 3 (X) and H 3 (Y), respectively. But mirror symmetry maps even to odd cohomology classes 
and vice versa. So how can 3-form flux in IIA be mapped to any even form flux in IIB? NS flux 
does not get mapped to RR flux, since the RR mapping discussed above is already complete. 
The NS sector contains the metric and dilaton besides H^s, but no antisymmetric tensors which 
could be interpreted as even degree p-forms. The only explanation seems to be that the metric 
and dilaton have to account for the "missing cohomologies". It was therefore suggested |72j . 
that mirror symmetry in the presence of NS flux does not lead to another Calabi-Yau manifold, 
but a non-Kahler (in fact even non-complex) manifold whose intrinsic torsion provides for the 
mirror of NS 3-form flux. Similar observations were made in j5[ [71] . 

The "geometric part" of H 2 (X,C) in IIA is given by the fundamental two-form J (which 
is the Kahler form on a complex manifold if it is closed). This is combined with Bns to form 
the complexified Kahler modulus t = J + iB^s- In type IIB the corresponding quantity is the 
holomorphic three-form Q 3 ' E H S (Y, C) which is also closed on a Calabi-Yau. But it is also 
clear that mirror symmetry must exchange the two. If we now allow for dB^s 7^ 0, i.e. the 
imaginary part of the complex Kahler modulus to be non-closed, this should translate into the 

10 Note that for compact internal manifolds these fluxes are quantized, so they are actually governed by the 
integral cohomology classes H P (X, Z). The conifold geometries we consider a not compact, but have some compact 
cycles. This will cause the NS flux not to be quantized, but the RR flux still is. 
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imaginary part of f2 3,0 = Q + + iQ~ being non-closed as well. This led the authors of [72] to 
suggest that the correct mirror manifold should be given by a so-called "half-flat" manifold, 
which are manifolds with SU(3) structure characterized b\l n l 

but dfl + = d(J AJ) = 0. (2.4) 

It was also demonstrated to hold true in a toroidal compactification. We will return to this issue 
in the discussion 12.41 and in section [J] 



The Strominger Yau Zaslow Conjecture 

Above discussion focused on topological quantities (cohomology classes) of the compactification 
manifolds. Our focus is rather on the target space perspective, i.e. we are interested in the 
metric of internal manifolds. Fortunately, the work of Strominger, Yau and Zaslow (SYZ) [33] 
provides a way of finding the mirror of a large class of manifolds by simply applying T-duality, 
which only requires knowledge of the metric. 

The SYZ conjecture states that any Calabi-Yau X that has a mirror possesses a supersym- 
metric T 3 -fibration (with in general singular fibers) over a base B. The mirror Calabi-Yau Y 
is then given as the moduli space of the T 3 fibers and their flat connection. Mirror symmetry is 
equivalent to T-duality along these T 3 fibers. 

Mirror symmetry can be viewed as a symmetry between BPS states. Consider DO-branes 
in type IIA on X and D3-branes in type IIB on a T 3 inside the mirror manifold Y. The 
moduli space of the DO-branes is of course all of X, so by mirror symmetry there must be an 
object in IIB on Y which also has moduli space X. The D3-brane moduli space is generated 
by deformations of the 3-cycle T 3 within Y and the flat U(l) connection^! on it. Both of these 
are generated by harmonic 1-forms on the three-cycle and it turns out that their moduli space 
(which has to match X) is also a T 3 fibration. One would actually reach the same conclusion 
if one would start with a generic supersymmetric three-cycle in Y without assuming from the 
beginning that the D3-branes wrap a T 3 . With this logic, both X and Y are T 3 fibrations over 
the same base B. 

This led to the SYZ-conjecture: "Mirror symmetry is three T-dualities" . The simple argu- 
ment is that three T-dualities turn DO- into D3-branes and vice versa and that such T-dualities 
can be performed on the supersymmetric T 3 fibrations without changing the moduli space. Con- 
sider a six-torus as a simple example. This is a trivial T 3 fibration over T 3 . T-duality will invert 
the size of the T 3 fiber, but the mirror is again a T 3 x T 3 . The SYZ argument is non-trivial at 
points where the fibers become singular. There are no isometriea^ 3 ! and constructing the moduli 
space of D3-branes is complicated by instantons. 

1 We use a different notation compared to [72], which states that 7^ 0, but the assignment of real and 

imaginary part is completely arbitrary. 

12 Supersymmetry requires the three-cycle to be a special Lagrangian submanifold, that means the Kahler form 
restricted to this cycle as well as the imaginary part of the holomorphic 3-form vanish, and the U(l) connection 
on it to be flat. 

13 The T-duality action still exists in the case without isometries |75| . although we cannot simply apply Buscher's 
rules from appendix iBl 
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This problem can be avoided in the large complex structure, or semi-flat, limit where one 
considers the base B to be large compared to the T 3 fibers. Semi-flat means that the metric 
only depends on the base coordinates y l , i.e. away from the singular fibers one can write [544 I72| 

ds 2 = 9ij dy l dy j + h a/3 (dx a + u a (y)) (dxp + up(y)) (2.5) 

where x a parameterize the T 3 fiber and w a are one-forms on the base that describe the twisting 
of the fiber as one moves along the base. In this semi-flat limit x a are still isometry directions, 
so we can explicitely perform T-dualities. However, it is expected that the equivalence between 
mirror symmetry and T-duality on T 3 holds not only in the semi-flat limit |54j . 

The influence of NS flux on this picture was discussed in [72J . As already explained on the 
ground of cohomology-arguments, the mirror of a Calabi-Yau with NS-flux will no longer be 
a Calabi-Yau. The B-field leads to an additional twisting of the T 3 -fibers. We will see this 
explicitely in section 12.31 Let us first discuss mirror symmetry between resolved and deformed 
conifold in the absence of any flux. 



2.2 The Mirror of the Resolved Conifold 



Recall from section [TTTl (see also appendix |A|) that the resolved and deformed conifold describe 
asymptotically a cone over S 2 x S 3 , but the singularity at r = is smoothed out to an S 2 or S 3 , 
respectively. The Ricci-flat Kahler metric of the resolved conifold has been derived in [57} [76] 



dsi 



7' dr 2 + -^r 2 (dip + cos 9\ d<px + cos I 

7 + 4a 2 f 



+j (dOl + sin 



9i d4\) + 



j% + sin 2 1 



>)• 



(2.6) 



where (4>i,0i) are the usual Euler angles on S 2 , ip = . . . An is a U(l) fiber over these two spheres 
and 7 is a function of r that goes to zero as r — > 0, see (|A.16|) for its definitions. The constant a 
is called resolution parameter, because it produces a finite size prefactor for the (fa, #2) - sphere 
at r = 0. This metric has clearly 3 isometries related to shift symmetries in the coordinates 
V>, 4>i and 02. These are indeed the appropriate Killing directions as the metric was constructed 
to be invariant under SU(2) x SU(2) x U(l) [57], see appendix lAl for a brief review. 
The deformed conifold metric on the other hand is given by |77[ [75] 

4 dr 2 ( ~ ~ ~ ~ 

+ ( dtp + cos 61 dcfii + cos 02 d(f 
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clef 
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cos tp (d9\ d02 — sin 9% sin 82 d(j)\ 
+ sin tp ( sin 0\ d<p\ d$2 + sin 62 dcp 



2 + m 



(2.7) 



dO, 



with the deformation parameter /i and a similar function 14 ! 7(F), f can be read off from equation 
(|A.30p . This metric exhibits the same structure of a ^-fibration over two spheres, but there 



4 The function 7 is related to the Kahler potential T as 7 = r^T, and similar for 7, see (|A.16|I . 
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are additional cross-terms in the last line. We see that ip does not correspond to an isometry 
anymore. The U(l) symmetry associated to shifts ip — > ip + k is absent. This is not a peculiarity 
of our coordinate choice but an inherent property of the deformed conifold. As discussed in 
section [LT] the deformed conifold breaks the U(l) symmetry of the singular conifold (which also 
the resolved conifold exhibits, compare ()A.5|) with (|A.24p l 15 l. 

How can both manifolds then be mirror in the sense of SYZ? The answer lies within the 
above mentioned semi-flat limit. We can still apply SYZ if the base is large compared to the 
T 3 fiber. If we identify (f, 61,62) as the base coordinates and (ip, 0i,0 2 ) as the coordinates of 
the T 3 fiber in the resolved metric, we can T-dualize along the latter. What we recover can of 
course not be the deformed conifold, since it lacks the T 3 -fibration, but only a semi-flat limit 
that still possesses an isometry along ip. Moreover, as we will show now, simply T-dualizing 
along the 3 isometry directions is not enough. We have to impose the condition of a large base 
"by hand" . 

To simplify our calculation, and with some foresight to following sections, we define local 
coordinates. We restrict our analysis to a small neighborhood of (ro, (z), (0i), (02) 1 {61), {62)) 
by introducing 



n) + — i=r , i> = (z) + 



2z 



, v 2x ~ . . 2y 

h) + -H= — , 02 = (02> + 



/ 7osin(6'i) " ' "' ^(70 + 4a 2 ) 



sin 



+ 02 = (62) + =S ■ ox , (2. 



^(70 + 4a 2 ) 



where 70 is constant, namely 7(F) evaluated at r = tq. The coordinates (r, z, x, y, 6\, 62) are 
small fluctuations around these expectation values and we will call them "local coordinates" 
henceforth. In these local coordinates the metric on the resolved conifold takes a very simple 
form (in lowest order in local coordinates^]) 

ds 2 = dr 2 + (dz + Adx + B dyf + {dx 2 + d6 2 ) + {dy 2 + d6\) , (2.9) 

where we have defined the constants 



A = J 3 r cot(0i) , B = J - 7° 2 . r cot<g 2 ) ■ (2.10) 

This is easily T-dualized along x, y and z (which correspond to the former isometry directions 
ipi 01) 02 ) with the help of Buscher's rules from (|B.11|) . In the absence of B-field they read for 
T-duality along y 

n — ' n — r 1 GyyGyy ro m 

Uyy Uyy 



5 On the other hand, both singular and deformed conifold are symmetric under the exchange of the two S : 
{4>i,9i) «-» (</>2, #2), a symmetry that is broken in the resolved conifold, since one S 2 is blown up. 

16 After this work was complete, we extended this analysis to linear order in r and we were able to resum the 
0i— dependences [75]. It was shown that A and B indeed contain cot Si and cot 62, respectively, not just their 
expectation values. 
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where the tilde indicates the metric after T-duality. Applying these three times one finds the 
mirror 



ds 2 = dr 2 + a" 1 (dz -aAdx- aB dy) + d6\ + dd\ 

+ a(l + B 2 )dx 2 + a(l + A 2 ) dy 2 - 2aABdxdy, (2.12) 

where we have introduced 

a = (l + A 2 + B 2 y 1 . (2.13) 

The metric (j2. 12|) does not resemble a deformed conifold, as for example the cross-term d9\ d9 2 
is missing. This can be cured by boosting the complex structure of the resolved base. Consider 
again (|2.9p . which can be written as 

ds 2 = dr 2 + (dz + Adx + Bdy) 2 + \dxi\ 2 + \dx2\ 2 , (2.14) 

with the two tori 

dxi = dx + T\ d6i , dx2 = dy + r 2 d9 2 . ( 2 -15) 

In (|2.9p the complex structures are simply t\ = t 2 = i. Note, that these tori are just local 
versions of the spheres in (|2.6p . since locally a sphere resembles a degenerate toruS The large 
complex structure limit is then given by letting 

n — ► i - fx , t 2 — > i - h (2.16) 

with real and large /i 5 2- We define them with some forsight as 

fi = 4 (2-17) 
v e 

with finite The only other change to the metric (|2,9p that we will make is to shift the 
component g zz = 1 — > (1 — e). Then letting e — > in g zz and /12 simultaneously will be our 
"regularization scheme" . These transformations might seem a little ad hoc, but we will explain 
in more detail why we chose this particular boost of the complex structure 18 !. 

After three T-dualities along x, y, z and letting e — > one arrives at the local mirror metrij^l 

ds 2 = dr 2 + a' 1 (dz - aAdx - aB dy) 2 + a(l + B 2 ) dx 2 
+ a(l + A 2 ) dy 2 + (1 - A 2 01) dd\ + (1 - B 2 0i) d6 2 2 
-2ABp l /3 2 d9 1 d9 2 - laABdxdy , (2.18) 

which we now compare to the deformed conifold metric (|2.7p . We also have to introduce local 
coordinates on the deformed conifold. These coordinates will be similar to (|2.8p . but the precise 



17 The appearance of tori instead of spheres is also consistent with dual brane pictures constructed in [801 181] . 
18 See [T] for more attempts to restore the dS\ d#2-term that did not work. 

19 The attentive reader might have noticed that the complex structure boost (|2.16[) introduces additional cross 
terms into the metric. Those will lead to B-field components under T-duality which have been properly taken 
into account when calculating the result (|2.18|l . We postpone the discussion of the B-field to the next section. 
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coefficients will differ. We therefore leave some coefficients otj, hi generic. The local deformed 
metric reads 

^ s def = a o dr 2 + ax (dz + b\ dx + b 2 dy) 2 + a 2 (dx 2 + d9\) + 03 {dy 2 + d0 2 ) 

+ 2a 4 [cos(z) (d9i dd 2 - dx dy) + sin(z) (dx d6 2 + dy dQx)} , (2.19) 

Comparing this metric to (|2.18p one makes the following observations 

• The semi-flat limit of the local deformed metric can be achieved by setting (z) = 0, then 
the isometry along z is restored. In this case the (dxd8 2 + dy d9x) term does not appear 
and both metrics have the same functional dependence. 

• The d9x d6 2 cross term in f|2. 18j) should have the same prefactor as the dx dy cross term 
apart from a minus sign. 

• In order for the torus structure to be preserved one would expect d9f to have the same 
coefficient as dx 2 (and similarly for d9 2 and dy 2 ). This is identical to the statement that 
the two S 2 in the deformed metric (|2.7|) are "unsquashed" . 

Let us see if all three conditions from the last two bullets can be met simultaneously by fixing 
the two constants fix and f3 2 - First, require 

- 2AB/3xP 2 = laAB (2.20) 

to match the crossterms in the last line in (|2.18p . This simply implies that 

PxP 2 = -a. (2.21) 

Requiring d9\ to have the same coefficient as dx 2 (and similarly for dQ\ and dy 2 ) gives the 
following conditions 

a{l + B 2 ) = (l-A 2 (3 2 ) 

a(l + A 2 ) = (1-B 2 P 2 ). (2.22) 

Remembering that a = (1 + A 2 + B 2 )~ l gives the surprisingly simple solutions f3 2 = P 2 = a, 
which together with (|2.2ip has two possible solutions 

{A = Va,(5 2 = -Va } or {ft = - (3 2 = ^}. (2.23) 

In both cases, the mirror metric in type IIA finally reads 

ds 2 = dr 2 + a -1 (dz — aAdx — aB dy) 2 

+ a(l + B 2 ) (dx 2 + ddl) + a(l + A 2 ) (dy 2 + d6 2 2 ) (2.24) 
+ 2aAB (d0xd6 2 - dx dy) , 

which matches indeed the (ip) = limit of (|2.19[) with appropriate identifications of and b{. 
So we have shown that the mirror of the local resolved metric is the semi-flat limit of a local 
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deformed conifold, if we impose an additional boost of the complex structure to make the T 3 
fiber small compared to the base. 

In local coordinates we can restore the dx d02 and dy d9\ cross terms. We can rotate the 
(y, 2 ) torus 

( dy\ (cosz -smz\ / dy\ . . 

\dO2J \sinz cosz J \de 2 ) ■ 1 Dj 

This does not change the term {dy 2 + dd 2 ), but the last term in (|2.24p changes as 

dd\ d02 — dx dy — ► cos z [dB\ dO? — dx dy) + sin z {dx d6 2 + dy d6\\ , 

exactly as required for a deformed conifold metric! This implies of course also a change in the 
z-fibration {dz — aAdx — aBdy). This change cannot be absorbed by a shift in other coor- 
dinate^! unless we rotate by a constant value (z) instead of z. Then we can define a new 
z-coordinate as z — > z — aB{cos{z) — 1) y + aB s'm(z) 82 which leaves the form of the z-fibration 
invariant. This is similar to the approach taken in [82], where the "delocalized limit" of the 
deformed metric is given by choosing t/j = (z) = constant. So we may also adopt the point of 
view that the mirror metric we obtained is precisely the delocalized limit of a deformed conifold 
with (z) = 0. We therefore conjecture the local resolved conifold (|2.9p to be mirror dual to a 
local deformed conifold with metric 

ds 2 = dr 2 + oT x {dz — aAdx — aB dy) 2 

+ a{l + B 2 ) {dx 2 + de\) + "(1 + A 2 ) {dy 2 + d0f ) (2.26) 
+ 2aAB [cos(z) {d9id8 2 - dxdy) + sin(z) {dxd6 2 + dydOx)] . 

This agrees with the local limit (I2.19j) . but there is one difference: in the Ricci-flat Kahler metric 
(|2.7p both S 2 have the same size. This is not the case in ()2.26j) . since in general 1 + A 2 ^ 1 + B 2 . 
This statement is of course not very meaningful in the local limit, since we could absorb these 
constants into a rescaling of coordinates, but it should be clear that when A and B are not 
merely understood as constants, but as functions of r, 0i,02 (recall (12.10P for their definition), 
the two spheres will have different size. Actually, both spheres will have the same size if we 
choose (0i) = (02) and let a — > 0, then A = B. This is perfectly consistent with the statement 
that the deformed conifold is only the mirror of the resolved conifold in the limit when the 
resolution parameter becomes vanishingly small. 

However, some deviations from the deformed conifold metric should be expected, since, as 
was noted before, resolved and deformed conifold metric are not exactly mirror to each other 
[661 167j. They become mirror when both are close to the "transition point". However, in this 
limit neither the base nor the fiber are large, on the contrary, the blown up S 2 or S 3 shrink 
to zero size. This explains why we are unable to recover the deformed conifold with the SYZ 
procedure: SYZ can only work when the base is large and we are away from the singular fiber. 
This is opposite to the limit when both manifolds are mirror. We therefore suggest that the 

20 This is precisely the reason why a coordinate transformation like (|2.25p cannot produce an additional isometry 
on the global deformed conifold. One might be tempted to use the inverse of this coordinate transformation on 
the deformed global metric (|2.7[) as it would eliminate the costp and sintp terms. But it is not possible to preserve 
the di/)-fibration at the same time and one does not recover an additional U(l) symmetry. 
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"trick" we performed by boosting the complex structure of the local tori (x, Oi) and (y, #2) can be 
given a more rigorous physical interpretation: our choice of local coordinates can be interpreted 
as one way of taking us close to the transition pointr^l. but we also need a large base to be able 
to perform the SYZ procedure. Therefore, we have to boost the complex structure "by hand" 
as in (|2,16p . This boost is to be understood as being large only in the local framework, not on 
the global manifold. This discussion should also clarify that we cannot leave the local limit by 
re-introducing global coordinates on the mirror manifold and then claim that this is the mirror 
of the global resolved conifold. The assumption that we work in a small patch on the manifold 
entered explicitely into our calculations. 

One can, of course, apply three T-dualities to the global resolved metric (|2.6p . since it exhibits 
three isometries. The result has to be another Calabi-Yau that is also a T 3 fibration over some 
three-dimensional base, but it will not be the deformed conifold. We will call any metric that 
has in the local limit the form (|2.26[) a "deformed conifold" and specifically indicate when we 
mean the Calabi-Yau. 

2.3 The Mirror in the Presence of NS— Flux 

We would like to confirm Vafa's duality chain, see figure [H by starting in the bottom left corner: 
D5-branes on the resolved conifold in IIB. Three T-dualities will take us to the mirror in IIA 
which has now D6-branes on the deformed conifold. This statement is of course to be understood 
in the local framework we used in the last section. 

However, wrapping D5-branes on the resolved conifold (|2.6p is not trivial. First, the back- 
reaction of the branes on the metric will create a warp factor and second, such a solution with 
fractional brane^l also has to include NS flux |6CH [59] . In [76] an attempt was made to find the 
supergravity solution describing D5-branes wrapping the (blown up) S 2 of the resolved coni- 
fold. Although they solved the supergravity equations of motion, it was shown in [83] that their 
solution breaks supersymmetry completely (because of non-primitive fluxes). So far, no explicit 
supersymmetric solution (including metric, dilaton and all fluxes) for D5-branes on the resolved 
conifold exists. 

We will circumvent this problem in the next section by using an F-theory setup that by 
construction delivers a supersymmetric IIB solution. In this section we solely focus on the effect 
of NS flux on mirror symmetry. 

The standard brane solution describes a warped product of the flat world-volume times the 
flat transverse space. Our case is different, since we want to wrap D-branes (that also extend 
along Minkowski space) on a compact cycle inside a non-compact Calabi-Yau. However, the 
backreaction of branes on this type of non-compact manifolds has been studied, see for example 
[59^ [751 184] . One finds again a warped product, where the warp factor is a function of the 
non-compact direction r. If the internal manifold is Ricci-flat with metric g mn and coordinates 
y one can construct the following 10-dimensional D-brane solution 

ds 2 10 = h- l l 2 (y) dsl h3 + h^iy) g mn (y) dy m dy n . (2.27) 

21 Note how in (|2.9p the resolution parameter is not visible anymore. The metric of the singular conifold (|A.5|) 
has the same local limit as the resolved conifold. 

22 The equivalence of wrapped D5-branes and fractional D3-branes was shown in [59] . 
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In the case of regular D3-branes along Minkowski space M 1 ' 3 , h would be a harmonic function on 
the internal manifold. For fractional D3-branes h is determined from the trace of the Einstein 
equations [U EH [76JHI, R = — lAh. For us, g mn will be the Ricci-flat Kahler metric of the 
resolved conifold (|2.6p , which is of the form g mn = dr 2 + r 2 gij dy l dyi for some 5-dimensional 
base gij. For this class of manifolds h is a function of r only [HI]. The solution will also include 
RR flux (three and five-form fieldstrengths, since fractional D3-branes carry both the charge of 
D3-branes and of the D5-branes that they really are) and NS flux. We will neglect the RR flux 
for the time being since it does not affect the metric under T-duality. 
The supergravity solution for metric and NS flux found in |76j reads 



ds 2 = Hrr^dsl^+Hr) 1 / 2 



7' dr 2 + — r 2 (dip + cos 9\ d<p\ + cos 9 2 d<ft 2 ) 



\ (d9 2 + sin 2 6 1 dg) + 1+J?L [del + sin 2 9 2 dcf> 2 ) 



(2.28) 



4 V 1 ' 71/ 4 

B NS = b x (?) d9 x A sin 9 1 d4>\ + b 2 (r) d9 2 A sin 6> 2 #2 • (2.29) 

Clearly, this solution (or the accompanying RR flux) has to be modified if we want to preserve 
supersymmetry. But as we will show in the next section, all possible solutions for the metric 
of D5-branes on the resolved conifold have the same local limit. We therefore introduce local 
coordinates by generalizing (|2.8|) slightly as to incorporate the warpfactor h(r), which will in 
the local neighborhood also be interpreted as a constant h,Q = h(fo). We define 

2z 



r + p , if) = (z) + ^ 



VloVho sin(6»i) " ^(To + ^a 2 )^/}^ 



sin 



~ 10 ~ If) 

9, = (^> + _i , 9 2 = (9 2 ) + ^= 2 (2.30) 

This gives the following ansatz for the local metric of D5-branes on the resolved conifold 

ds 2 = dr 2 + (dz + Adx + B dy) 2 + (dx 2 + d9 2 ) + (dy 2 + d9 2 2 ) , (2.31) 

which is precisely the same as ()2.9p . A and B remain as defined in (|2.10l) . 

For the NS flux we make the most generic ansatz possible, with one exception: we only allow 
for electric NS-flux (magnetic NS flux leads in general to non-geometrical solutions [851 ESI [87] ) , 
i.e. B-field components that have only one leg along T-duality directional): 

Bjjg = b zi dz A dOi + b xj dx A d9j + b yk dy A d9 k . (2.32) 

In general, the coefficients b z i, b x j and b yk can depend on all base coordinates (r, 9\, 9 2 ) to 
preserve the background's isometries, although [76] seems to indicate they should be functions 
of r only. 



23 These cases use some symmetry properties of conifolds and should not be generalized to arbitrary g mn . 
24 Without loss of generality we do not include components involving dr since components of the 3-form field- 
strength like dr Adx A d9i can easily be obtained from d r b x i(r) dr A dx A dOi. 
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This B-field has now non-trivial consequences when we perform T-dualities along x, y and 
z. We will not merely find a local version of the deformed conifold, but a manifold with twisted 
fibers, that is clearly the local limit of a non-Kahler version of the deformed conifold. 

The reason why mirror symmetry with NS field gives rise to a non-Kahler manifold is actually 
very easy to illustrate in the SYZ picture. T-duality mixes B-field and metric. In the presence 
of NS flux, Buscher's rules (jB.lip read 



/<</ 



q _ _L g - 3_ 

yy — i ~ r 

Vjyy Kjyy 

^yy 

f> _ r> __ BjiyGyy ~ G \j,yB vy ~ _ G m 

OfJLV — D y,V „ ) Dpy — , 

Lryy (Jyy 

so cross terms in the metric are traded against the corresponding components in Bn$ and vice 
versa. Therefore, the T 3 fibers acquire a twisting by -B^vs-dependent one-forms as 

dx — ► dx = dx — b x i d8i 

dy — * dy = dy - b yi d9 { (2.34) 
dz — ► dz = dz — b z i d9i 

under T-duality. Apart from this modification, we perform the same steps as in the last section: 
we boost the complex structure as in (|2.16p and take the limit e — > 0. We then fix the constants 
(3i (their values do not change) and we restore the sin (2) and cos(z) dependence via the rotation 
(I2.25P or by adapting the point of view that the mirror is in the delocalized limit where (z) = 0. 
Then we find the mirror in IIA to be 

ds 2 = dr 2 + a -1 [{dz — b z i dQi) — aA (dx — b x i dOi) — aB (dy — b y i d6i)] 2 

+ a(l + B 2 ) [de\ + (dx - b xi dOif] + a(l + A 2 ) [d6 2 2 + (dy - b yi ddif] 

+ 2aAB cos(z) [ddidBz - (dx - b xi d0i)(dy - b yi d9 l )] (2.35) 

+ 2aAB s'm(z) [(dx - b xi dOi) d9 2 + (dy - b yi dOi) dOi] , 

with a defined in (|2.13p . We therefore conjecture the local resolved conifold to be mirror dual 
to a local "non-Kahler deformed conifold" with twisted fibers that make this metric inherently 
non-Kahler. 

In the absence of B-field this is clearly a Kahler background, since in this local version all 
coefficients in the metric are constants. With B-ficld dependent fibration the fundamental two- 
form will in general not be closed anymore, because it will depend on derivatives of b%j. A more 
thorough analysis of this geometry will be attempted in section 0J but it remains somewhat 
incomplete because we lack the knowledge of a global background. Strictly speaking, a metric in 
a small patch does not carry any information about the manifold. We can, however, make some 
predictions on what we expect for the global solution, since supersymmetry poses restrictions 
on allowed non-Kahler manifolds. 

As mentioned earlier, cross terms in the metric induce a B-field under T-duality. Due to 
the boost of complex structures (|2.16p we introduced new cross terms of the form dx d0\ and 
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dy d9 2 . We do therefore also recover a B-field in the mirror IIA. It has a peculiar scaling I with 
e, but can nevertheless be determined to 

Bns = (dx-b xi d9i)Ade 1 -(dy-b yi d9 i )Ad6 2 

-A (dz - b zi dOi) AdOi + B {dz - b zi dOi) A d6 2 , (2.36) 

where we have without loss of generality assumed that j3\ = —(3 2 = otherwise there would 
be an overall minus sign. To be consistent with the metric we should also here perform the 
rotation (|2.25p . which changes above result to 

B^g = {dx -b xl d6i) f\d6i- {dy -b yi d6i) f\d0 2 - A{dz -b zi dOi) AdOx (2.37) 
+B cos(z) {dz — b z i dOi) A d6 2 + B sin(z) {dz — b z i dOi) A {dy — b y i dOi) . 

This seems to indicate that we can have a magnetic flux (the dx A dy component in B^g), but 
this term vanishes if we would want to reverse the T-dualities. Because then we would have 
to take the semi-flat limit of the IIA background either by choosing (z) = or by reversing 
above rotation. In any case, it shows that mirror symmetry can only be realized in the semi-flat 
limit where (z) = 0. This is of course due to the restrictions of Buscher's rules, which require 
isometry directions. See [75] for discussions on T-duality in the absence of isometries. 

2.4 Discussion 

We would like to compare our result to the half-flat manifolds obtained in [72]. There are some 
obvious similarities, like the B-field dependent twist that enters into the T 3 fibers. But there 
are also some fundamental differences. Several arguments lead us to believe that the mirror of 
the resolved conifold with fluxes is not a half-flat manifold. 

• As will be demonstrated in section we could not find a half-flat structure for our local 
IIA metric, but a symplectic structure does exist (that means the fundamental two-form 
is closed, dJ = 0, but the manifold is not complex). We will show in the following that the 
half-flat solution from [72] also possesses a symplectic structure and give some arguments 
that favor the symplectic interpretation. 

• If we would T-dualize the global background, we would have to take a warp factor into 
account that depends on an internal coordinate. In the case of [72] one would not find a 
half-flat structure either if the warp factor would depend on internal coordinates. 

To be able to illustrate these arguments, let us briefly review the discussion from [72]. Start 
with an NS5-brane in flat 10-dimensional space, this will be a warped product of the flat 
worldvolume of the brane M 1 ' 5 and the transverse four dimensional space. The wrap factor V is 
a harmonic function on the transverse space M 4 . This solution can be "smeared" by allowing V 
to depend only on certain coordinates of M 4 . Consider the simple case that V actually depends 

25 This comes from the introduction of the boost /i,2, in other words without this boost there would be no 
B-field in IIA. We will comment on the "physicality" of this flux in the next section. 
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only on one coordinate V = V(£) and compactify the 10-dimensional solution on a six-torus. In 
this way £ becomes an external coordinate. This leads to a domain-wall solution, since the 5- 
branes are wrapped along three internal directions and extend along three spacetime directions 
]R 1,2 . The solution can be written as 

ds 2 = ds|i, 2 + V d£ 2 + {dx\ + dx\ + dx\ + V{dy\ + dy\ + dy\)) 
H NS = 8 i Vdy 1 Ady 2 Ady 3 . (2.38) 

The term in parenthesis indicates the compact part in the metric. Note that three of the internal 
directions are warped by V, but from the point of view of the internal manifold this is simply a 
constant, so the starting manifold X is simply a torus T 6 = T 3 x T 3 . The other three internal 
coordinates x l are along the brane worldvolume. The four dimensional non-compact (external) 
space is now given by ds^^ + V d£ 2 . 

There are several fibers one could identify as the T-duality T 3 . Choose it such that H^s is 
purely electric. Following [72], but using slightly different notation, we perform T-duality along 
xi, X2 and y\. Locally, the B-field can be chosen as B = A y 2 dy 3 A dy\. One finds for the mirror 
background 

ds 2 = dsl^ + df (2.39) 
+ (dxl + dx\ + dx\ + V~\dyi - Xy 2 dy 3 ) 2 + Vdy 2 2 + V dyj) . 

Clearly, the internal manifold Y is no longer a torus. It has the form T 3 x Q, where Q is a 
non-trivial S^-fibration over T 2 . Also note, that the B-field is "used up" under T-duality. It 
vanishes completely in the metric and since we started with a torus without any cross-terms, no 
B-field is generated under T-duality. One can still define an almost complex structure locally, 
in terms of three complex vielbeins 

ei = dx\ + iW dy 2 
e 2 = dx 2 + iW dy 3 

e 3 = —=(dyi-\y 2 dy3)+idx 3 , (2.40) 
V V 

but this cannot be integrated to a complex structure on the mirror manifold. Define the funda- 
mental 2-form as J = |<? 3 e« A Cj, then it is obviously not closed, because 

2A 

dJ = —= dy 2 A dy 3 A dx 3 , (2-41) 

Vv 



but it still satisfies 

d(J A J) = 0. (2.42) 

One can also define a holomorphic 3-form f2 = f2 + + if2~ = e\ A e 2 A e 3 , which is not closed 
either but 

dQ = -= dx\ A dx 2 A dy 2 A dy 3 , (2.43) 

vV 



which means that 

dVL + / 0, dQ- = 0. (2.44) 
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Equations (|2.42p and (|2.44|) define precisely what is known as a half-flat manifold. 

However, the choice of complex structure on a six-dimensional real manifold is not unique. 
The metric in real coordinates does not carry any information about the complex structure. For 
example, a minor change in (|2.40p given by the exchange of the imaginary parts of e 2 and 63 

e\ = dx\ + iW dy 2 
e 2 = dx 2 + idxs 

e 3 = -=(dyi- Xy 2 dy 3 ) + iVvdy3, (2.45) 
v V 



leads to the conclusion Y should be symplectic. One finds J to be completely independ of 
the term containing \y 2 , therefore dJ = 0, but this is not a Kahler manifold as it cannot be 
complex. For the holomorphic 3-form one finds 

dVL = — (dx\ A dx2 A dy 2 A dy^ + i dx\ A dxj, A dy 2 A dy%) , (2-46) 

v V 



so neither real nor imaginary part of f2 are closed. 

However, the argument of "cohomology counting" presented in section 12.11 strongly suggests 
that this manifold should indeed be half-flat. It fulfills the assumption that the non-closed 
imaginary part of the complexified Kahler parameter is mapped to a part of Q being non- 
closed. It turned out to be the real part of f2 in this convention, but the assignment of real or 
imaginary part is completely arbitrarily. 

But there are also more arguments that favor the interpretation as a symplectic manifold. 
One of them is given in the context of generalized complex geometry (GCG), as introduced by 
Hitchin and Gualtieri |88|. I89j. see also appendix IC.4I for a brief introduction. The structures 
they defined interpolate between usual complex and symplectic structures. The question whether 
GCG has relevance for string theory has been of great interest recently, see for example |90j- 
|97j . In particular, the B-field transform [89j that takes complex or symplectic structures into 
generalized complex structures, can be interpreted as T-duality with magnetic NS flux |91j . It 
was argued that T-duality with only electric NS flux cannot lead to GCG, it should preserve 
a complex or symplectic structure^]. In a different context, it was also shown that IIA vacua 
should always be symplectic, whereas IIB vacua should be complex [92]. Mirror symmetry 
between complex and symplectic manifolds has been discussed in [98J. 

These arguments seem to suggest that mirror symmetry with NS flux leads to symplectic 
manifolds in IIA and only the special case discussed in [72] allows an additional half-flat struc- 
ture^. As will be discussed in section U half-flat manifolds lift to manifolds with G 2 holonomy 
(which preserve N = 2 supersymmetry in d=4 upon compactification without flux). Super- 
symmetry arguments therefore seem to suggest that the symplectic mirror manifold admits a 



26 The authors of [72] denned t = Bns + iJ, so that they find a mapping of non-closed real parts of J and fi. 

27 However, the work of Kapustin [91] differs from [72] or the analysis presented herein since he considers T- 
duality in all directions on an even-dimensional torus. We and [72], on the other hand, are interested in mirror 
symmetry or three T-dualities. 

28 Twisted tori that are simultaneously symplectic and half-flat were discussed in [99]. They differ from [72] as 
they do not represent domain wall solutions. The half-flat structure is achieved by chosing the appropriate values 
for the flux components, i.e. the appropriate vacuum. 
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half-flat structure precisely if there are no additional RR or NS fluxes in IIA (and the dilaton 
is constant). 

An interesting question in this context would be under what circumstances half-flat manifolds 
also admit a symplectic structure (and vice versa). One might also ask if half-flat manifolds can 
be interpreted as generalized complex manifolds and if so, of what kind (e.g. B-field transforms of 
complex or symplectic structures or something entirely different). Maybe there exists a mapping 
between GCG and torsion classes |100| . which describe two different approaches of classifying 
generalized (or non-Kahler) geometries. One way to achieve that might be the framework of 
[93| which maps quantities of GCG (pure spinors) to fundamental two-form and holomorphic 
three-form, which are used to determine torsion classes. 

Let us now discuss what would happen if we T-dualized the global metric (|2.6h instead of its 
local limit (|2.9p . F-theory tells us that flux compactifications in IIB simply lead to an overall 
conformal warp factor for the internal space }43| . For IIA we do not have such a reasoning 
and the back-reaction of fluxes seems to be more involved, see [36J for an overview on flux 
compactifications. Thus, we will start with a space that is a conformal resolved conifold in IIB. 
The analysis of [72] took the back-reaction into account, but the warp factor was a function of an 
external coordinate (otherwise one could not compactify that direction). Our warp factor h(r) 
is not constant on the internal manifold. Repeating the analysis following equation (I2.40P with 
a warp factor V that depends on internal coordinates, would not produce a half-flat manifold. 
This is the second reason why we do not believe our result (|2.35p to be half-flat globally. 

The influence of a non-trivial warp factor is already interesting for scenarios with only RR 
flux. Imagine a generic conformal Calabi-Yau in IIB, let us denote it by h ■ X, where X is a 
T 3 fibration over some base B. Under T-duality, the size of the T 3 fibers will be inverted, but 
the base is not changed. If Y was the mirror of X in the absence of fluxes, then h ■ X does not 
map to a conformal version of Y under three T-dualities, as the T 3 fibers acquire a factor of 
h , but the base does not. So, the mirror is locally a product (h • B) x (/i _1 T 3 ). One could 
still write this manifold as h-Y, but Y and Y are not the same manifold as they have different 
T 3 fibers. This difference is of course trivial if the warp factor is constant on the fiber, then it 
can be absorbed into a coordinate redefinition. This is the case in [72], but not if we leave the 
local limit of our calculation. 

It would be interesting to study the influence of flux back-reactions onto the result from 
[74j , which states that if X is mirror to Y, then the two manifold are also mirror with RR fluxes 
turned on. Solutions of the type [101 j allow for compact internal manifolds with warp factors 
that do depend on internal coordinates. Their effect under T-duality should then be non-trivial, 
i.e. they cannot be absorbed into a rescaling of coordinates. Then the local form of the mirror 
(h-B) x (h~ T 3 ) suggests a more complicated backreaction of the fluxes in IIA or a modification 
of the mirror symmetry statement of [74J . 

To summarize this section: We find a family of non-Kahler manifolds in IIA that includes 
one Kahler geometry (for all NS flux switched off), which takes the form of a local deformed 
conifold metric. However, it does not agree with the local limit of the Ricci-flat Kahler metric on 
the deformed conifold (the two S 2 have different size). This was to be expected, since resolved 
and deformed conifold are only approximately mirror to each other. When constructing the 
mirror metric, we had to make explicit use of the assumption that we work in the local limit to 
bring the IIA metric into a form that resembles a local deformed conifold. 
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We also argued that the IIA non-Kahler backgrounds can be more general than half-flat 
globally. Since T-duality preserves supersymmetry, these should be good string theory back- 
grounds (although we can only give their metric in the local limit), provided we start with a 
string theory solution in IIB. As already mentioned, the solution for wrapped D5-branes on 
the resolved conifold from [7B] breaks all super symmetries, so we need a new idea. We will 
suggest a background that is obtained from an F-theory construction and therefore inherently 
supersymmetric in the next section. 
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3 Geometric Transitions in Type II 



In this section we will use what we have learned about mirror symmetry between resolved and 
deformed conifold to verify "Vafa's duality chain" , see figure HJ with a concrete string theory 
background. We find such a background by considering an F-theory solution that is elliptically 
fibered over the resolved conifold. This background has the same local metric we discussed in 
section [2J Taking a generic ansatz for NS and RR fluxes we follow the duality chain from IIB 
to IIA, lift the resulting non-Kahler background to A4-theory, perform a flop, reduce again to 
IIA and perform a last mirror to end in IIB again. We will show that the duality chain has to 
be modified to include non-Kahler backgrounds in IIA. 

The flop we perform in the A4-theory lift implies that the two non-Kahler backgrounds we 
propose in IIA are connected via a geometric transition. We will give several arguments for the 
consistency of this transition, in particular the "closure" of the duality chain as we finally end 
in IIB with a Kahler background. We will show that the fluxes do not change (much) under 
geometric transition, but the geometry does. This is in agreement with the interpretation that 
the cycles, on which we wrapped D-branes, shrink and a new geometry that contains only flux 
emerges after geometric transition. 

To fix notation and remind the reader of the connection between F-theory and type IIB 
orientifolds we start with a short review, see also [14] for a more detailed review article. Our 
particular F-theory setup will be constructed in section [331 the reader familiar with the concepts 
may want to skip ahead. 

3.1 Orientifolds and F— Theory 

We begin this section by reviewing some symmetries of type IIB superstrings we will need to 
make the connection between 12-dimensional F-theory and 10-dimensional IIB on an orientifold. 
Orientifolds are nothing but orbifold (manifolds gauged by a symmetry group G) that include the 
orientation reversal of the string worldsheet. We will denote the symmetry group by {Gi, G2}, 
where G\ is a pure orbifold action and only G2 contains the worldsheet parity f2. 

There are two perturbative Z2 symmetries of IIB superstrings which will be of particular 
interest to us. They are perturbative in the sense that they are evident at the perturbative level 
but believed to hold non-perturbatively, whereas non-perturbative symmetries are not apparent 
at the perturbative level. 

• Worldsheet parity f2. Type IIB is invariant under orientation reversal of the worldsheet 
(a — > 2ir — a) since it is non-chiral on the worldsheet. f2 takes left movers to right movers, 
therefore NS-NS tensor states are even under if they are symmetric (odd if they are 
antisymmetric). From the R-R sector the tensor C2 is even (because of Fermi statistics). 
One combination of the fermions is even, the other is odd. To summarize, 



• Spacetime fermion number (— 1) L . This symmetry is only obvious in Green-Schwarz (GS) 
formalism, because there are no spacetime fermions in R-NS formalism. In GS formalism, 



X, B NS , C4 



even under f2 
odd under f2 . 



(3.1) 
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the IIB superstring action reads [6] (with worldsheet coordinates a and r and light-cone 
coordinates d± = l/2(d T ± d a ), the Regge slope is as usual denoted by a' and is related 
to the string tension) 



S = 4^7 j dadT ( d + X " d - X ^ ~ iStd^St - iS%d + S%) (3.2) 

where S"£,5^ are actually spacetime spinors, both transforming as 8 S of Spm^S The 
type IIA action looks similar, but with transforming as a conjugate spinor 8 C . This 
action is, amongst others, invariant under Sl — > —Sl, an operation which is written as 
(— 1) Fl . Fl is the spacetime fermion number coming from left movers. Only left moving 
fermions are odd under this symmetry, so R-NS and R-R states are odd, whereas NS-R 
and NS-NS states are even. To summarize, 

g^, (j>, B NS even under (-1) Fl , , 

X, C 2 , C A odd under (-1) F ^ . K ' 



We will be particularly interested in T-duality on orientifolds, so let us see what happens 
to the perturbative symmetry 0, under T-duality. As explained in appendix [HI T-duality has a 
rather non-trivial action on the worldsheet. It acts as a one-sided parity transformation sending 
X l R — > —X l R , but leaving X L invariant {i indicates the T-duality direction). A T-duality along 
the 9th direction yields 

tintype IIB ^ Ig f2 in type IIA (3.4) 

where Ig symbolizes spacetime parity, i.e. inversion of the 9th coordinate Ig : (A£, X^) — > 
(— X£, — Xft). In other words, 

TgQTg 1 = I 9 n (3.5) 

as can be seen from 

{XIXD ^ {Xl-Xl) {-X%Xl) % (-Xl-Xl). (3.6) 

Acting on fermions, the parity Ig flips the chirality of both left and right moving fermions. Note 
that £1 by itself is not a symmetry of type IIA, because starting with a left moving spinor 8 S 
and a right moving conjugate spinor 8 C , one obtains a left moving conjugate spinor 8 C and a 
right moving spinor 8 S . To flip the chirality the operation has to be accompanied by a parity 
transformation to obtain a genuine symmetry 

(8 S ,8 C ) (8 C ,8 S ) ^ (8 S ,8 C ). (3.7) 

Thus we see that worldsheet parity is a symmetry of IIB, but IIA is only symmetric under a 
combination of worldsheet and spacetime parity. 

29 Spin(S) is the covering group of SO(8), which is the transverse rotation group if we use light cone gauge on 
the lOd target space. Relevant to us are the eight-dimensional representations 8 V (vector), 8 S (spinor) and 8 C 
(conjugate spinor). 
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Type IIB superstring theory has a non-perturbative SL(2, Z) symmetry, which is given by 
the group represented by integer 2x2 matrices with determinant one: 



A = b A with a, b, c, d G R and ad - be = 1 . (3.8) 

Define a complex scalar field A = x + ze - ^, where x is the axion (the RR scalar) and <p the 
dilaton. The expectation value of the dilaton actually fixes the string coupling, g s = . One 
also introduces the Einstein metric G^ v = e~^/ 2 g^ v (with string frame metric g^) because it is 
invariant under SX(2,Z). Recall also the other fields in the type IIB spectrum: B^s an d the 
RR fields C*2, C4. The action of SL(2, Z) on the bosonic fields is given by 

* - ■ {t) - 7) {t) • c^ Cl , a^o. (3,) 

This action is generated by the elements: 



T : A -» A + 1, A 



1 1 
1 



S: A 1/A. A — ( J') (3.1.0) 



R : A -> A, A 



-1 
-1 



This symmetry has far-reaching consequences for the moduli space of type IIB. It states that 
every A is non-perturbatively equivalent to any other A that can be reached by an SX(2,Z) 
transformation This reduces the moduli space from the whole upper half plane to a much smaller 
subset [8] known as the fundamental domain. 

The symbol S for one of the generators is not chosen by accident, it generates precisely what 
is known as S-duality. This becomes obvious if one considers the case where x = and A is 
essentially given by the string coupling. The action of S then relates a theory at strong coupling 
(A = i/g s ) to a theory at weak coupling (—1/A = ig s ). Apparently, type IIB is self-dual under 
this symmetry, but it also connects type I and heterotic SO(32), a fact we will use in section 
IQl Note also that S {-1) Fl S" 1 = O, because S basically exchanges Bj^s and C2 (recall (13. If) 
and (|3.3p ). Another important relation for the discussion of F-theory will be 

r = n(-if L , (3.11) 

which can be easily seen from their action on the massless spectrum. B^s and C2 are odd, 
whereas all other fields are even under R, which is the same as the combined action Q(—1) Fl , 
see (J3l|) and (I33j) . 

This SL(2, Z) symmetry has been proposed [55] to have a geometrical interpretation as two 
extra toroidal dimensions. This means there is some 12-dimensional theory, which has been 
termed F-theory, that gives rise to 10-dimensional IIB. The complex structure of the F-theory 
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two-torus is hereby identified with the IIB scalar A. We will now briefly review how this leads 
to orientifolds in IIB [56J, see e.g. [14J for a detailed review. 

Consider an elliptically fibered Calabi-Yau fourfold K which is a toroidal fiber bundle over 
a base B. Even though K is a smooth manifold, there will be points in the base where the fiber 
becomes singular and its complex structure parameter r can have non-trivial monodrormf^l 
around these points. An F-theory compactification on K refers to a compactification of type 
IIB on £>, where the IIB scalar A = \ + is identified with the geometrical parameter r |55j . 
In general, r varies over the base resulting in a non-constant field A. 

However, there are possible scenarios that allow for a constant solution of A |56 |, I102j . These 
solutions are characterized by 24 singularities in the function describing the elliptic fibration. 
In the special case where these singularities appear at four different locations in a multiplicity 
of six, A is constant. The singularities are interpreted as 24 seven-branes in F-theory, because 
there is a non-trivial monodromvl^l as we go around the singular point, which is precisely the 
one generated by R in (13. 1QH : Moving around one singular point, the coordinate of the fiber is 
twisted by R, i.e. it is inverted, but its modular parameter r remains unchanged. 

The base is actually an orbifold generated by the parity transformation I2 that inverts both 
coordinates of the toroidal fiber. If we go once around the singular point the theory comes back 
to itself modulo the SL(2, Z) element R. We therefore have an orbifold of the base by I2 • R, 
which turns into an orientifold, because R is related to the worldsheet parity 0, of IIB. So, this 
F-theory setup gives rise to IIB on 

B B , 

(3.12) 



{i,Rh} {i,n(-i)^/ 2 } 

if one recalls the identity R = Q(—1) Fl from (13, lip . Such an identification of F-theory with an 
orientifold is very useful and we will make extensive use of it in this thesis. Choosing the 12- 
dimensional manifold as a direct productlfl of flat Minkowski space and a Calabi-Yau fourfold 
with elliptic fibration preserves N = 2 supersymmetry for the resulting IIB theory (away from 
the fixed points of the orientifold action) [103J. 

This orientifold has 4 orientifold 7-planes and 16 D7-branes that cancel their charges. This 
can be seen by noting that under T-duality along the i and j directions: fi(— l) Fh Iij = QTij, 
therefore this orientifold is T-dual to type IIB on B/{1,£1}, which has 32 D9-branes and a 
spacetime filling orientifold 9-plane. Under T-duality these become D7-branes and since they 
move in pairs (due to i^), there are effectively only 16 of them. The orientifold action Qlij has 
four fixed points and the transverse space is 7-dimensional, so there are four 07-planes. This 
establishes the correspondence of an F-theory 7-brane with one 07-plane and four D7-branes 
in IIB. 



30 Monodromy on a fibration is similar to the concept of holonomy on a manifold. Instead of a parallel transport 
along a closed loop one considers the lift of a loop at x that lies in a connected space X. The lift of x into a fiber 
over X is given by c, and going once around the loop in X one finds an image c' in the fiber, where in general 
c/c'. The monodromy is given by the right action of the fundamental group iri(X, x) as a permutation on the 
set of all c. 

31 This monodromy indicates a magnetic source which has to be a seven-brane because seven-branes couple 
magnetically to scalars. 

32 The inclusion of fluxes leads to warp factors [1011 1103] , 
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Also note that under T-duality, recall (|3.4|) . 



IIB on 



{l,Sl(-l) FL Iij} 



B 




IIA on 



B'/{l,n(-l) F ^I ijk } iik^ij 
£?'/{!, ^(-1)^} \ik = j 



(3.13) 



which means there will be orientifold 6-planes or 8-planes in IIA. The dimension of the orientifold 
planes behaves under T-duality like that of D-branes: depending on whether T-duality is 
transverse or orthogonal to the plane its dimension is increased or decreased, respectively. 

3.2 The F-Theory Setup and Orientifolds in IIA and IIB 

We now want to construct a global IIB setup that is supersymmetric, contains D5-branes 
wrapped on the S 2 of the resolved conifold and allows us to add additional D-branes for global 
symmetries. Both adventures can be most conveniently undertaken at the same time within 
F-theory. 

Consider F-theory on an elliptically fibered Calabi-Yau fourfold X —* B such that the base B 
is the resolved conifolcf^l. Suppose B contains a smooth S 2 and that there is a conifold transition 
from B to B' obtained by contracting the S 2 to a conical singularity and then smoothing to a 
deformed geometry. This gives another elliptically fibered Calabi-Yau fourfold X' — ► B' over a 
deformed base. We can introduce similar notation for the case when the cycle is contracted to 
a conical singularity, such that Xq — * Bq describes a fibration over the singular conifold. 

The Euler characteristic of X can be computed from its topology. It was shown in [3] that 
it does not change under geometric transition, i.e. x(X') = x(Xo) = x(X). For the compact 
example in [3] it was computed explicitely with the Maple routine schubert |104j . obtaining 
x(X) = x{X') = 19728. This agrees with the result presented in [70| where the F-theory 
description for a fourfold after geometric transition was derived. Since we focus on local metrics 
only, our analysis does not distinguish whether the manifold is compact or not. But since we will 
not introduce any charge cancellation mechanisms for the wrapped D5-branes, let us assume a 
non-compact manifold henceforth. 

As explained in section 13.11 this setup provides us with an orientifold in type IIB with D7- 
branes and 07-planes. When we wrap D5-branes on the S 2 of the resolved geometry, we obtain 
an intersecting D5/D7-brane scenario on an orientifold IIB, which preserves supersymmetry [2]. 
The metric of the base B has to resemble the resolved conifold locally, but globally it will also 
contain singularities that correspond to the 7-branes. Adding D5-branes creates warp factors. 
To incorporate these effects we make the following generic ansatz for the base 



which allows in particular for the two spheres to be asymmetric and squashed. This ansatz 
is motivated by the idea that in the absence of D-branes and fluxes we should recover the 
Kahler metric. Also, for r — > oo the warp factors should approach 1, so we will suppress any 
#1,2" dependence in the functions hi although it would not influence the following local analysis. 

33 B will not be a Calabi-Yau threefold anymore, since X is a Calabi-Yau, but it is still Kahler [3J. 



ds 2 



ho (?) dr 2 + hi (r) [dtp + cos 9\ d<f>x + cos 62 dfo) 2 

+ (h 2 (r) dOf + h 3 (r) sin 2 X d$) + (fc 4 (r) S\ + h 5 (r) sin 2 6 2 # 2 ) 



(3.14) 
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Let us compare this to the local metric in IIB (|2.9p we T-dualized in the last section. We 
define again local coordinates 



T ~ Z 

r + n , x ' tp = (z) + ' 



\/h (r ) y/hi{r ) 

(0l) + =4 . , ~ , 02 = (02) + " 



y/h 3 (r ) sin(0i) ' " \fh 5 (r ) sin(0 2 ) 

9, = (9 l ) + ^== e 2 = (9 2 ) + ^p=, (3.15) 

which gives the same simple form of the local metric 

ds 2 = dr 2 + (dz + Adx + B dy) 2 + {dx 2 + d9 2 ) + {dy 2 + d9\) , (3.16) 

where we have with a slight abuse of notation kept the name A and B for the constants, but 
they are now more generically given by 



Apart from this redefinition of A and B, the mirror symmetry analysis will be completely 
unchanged from section [2j The mirror is then given by (|2.35p . which is the local limit of D6- 
branes on the deformed metric. We will show shortly the consistency of this construction with 
an orientifold in IIA. It would, of course, be interesting to find a Ricci-flat Kahler metric on 
this Calabi-Yau fourfold and the global super symmetric type IIB solution with it, but this is 
beyond the scope of this thesis. We will therefore restrict ourselves to the local limit henceforth. 

We do, however, need some global information, in particular the orientation of the D7 and 
D5-branes on the base B. The choice is up to us. We have to specify over which directions the 
F-theory fibration degenerates, that determines the position of the orientifold planes and the 
D7-branes with them. We will consider the version discussed in 13. 11 where the fiber degenerates 
over a two-dimensional subspac^EI, giving rise to four fixed points with one orientifold plane 
each and there are four D7-branes on top of each 07-plane. This translates into a constant 
complex structure r on the fiber which also implies a constant dilaton 0b in type IIB. 

We need our IIB background to be invariant under this orientifold action, which is given by 
Q(—1) Fl Iij. Since the IIB background is invariant under Q (— 1) Fl , we require the metric to 
be invariant under spacetime parity Zy of the two coordinates X{ and Xj over which the fiber 
degenerates. There are many choices for x% and Xj, but recall from (I3.13P that under T-duality 
this orientifold becomes 

IIBon ^ IIAon {1,^-iAvW' (3 ' 18) 

We want the final metric in IIA after 3 T-dualities to resemble some version of a deformed 
conifold, so the parity operator in IIA is also severely restricted. In other words, we need to 



'See [3] for explanations why a degeneration over 0, 4 and 6-cycles actually does not work. 
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choose Xi and Xj such that I{j is a symmetry of the resolved conifold and Iij ■ I xyz (which one 
finds after three T-dualities along x, y and z) is a symmetry of the deformed metric. Of course, 
the reasoning in IIA is different as CI(—1) Fl is not a symmetry of IIA, but we have to make sure 
that that under 1^ ■ I xyz no components inherent to the deformed conifold metric are projected 
out. This will become clearer when we discuss our example. 

The choice we adapt is that the F-theory torus is fibered non-trivially over the two-torus 
(x, 9\). This is actually the only choice that preserves all the symmetries we require [3|. The 
D5-branes are wrapped on the two-torus (or sphere) given by (y, 62) (recall from (|2.6p that this 
is the sphere that remains finite as r — ► 0). This means that under three T-dualities 

IIB on p — B „ IIA on r — B J? . (3.19) 

In IIB the D5-branes extend along Minkowski space and (y, O2), whereas the D7/07-system 
extends along Minkowski space and (r, y, z, 62). After three T-dualities the D7/07 system has 
turned into D6/O6 which extend along Minkowski space and (r, x, 62), whereas the original 
D5-branes become D6-branes on the three-cycle (x, z, 62). 
Or schematically, in type IIB 



D5: 0123----?/ 
D7/07 : 0123r z - - y 

which turns after three T-dualities along x, y and z into IIA with 

DQ: 0123-zx-- 
D6/O6 : 0123r-x-- 



It is easy to see that the metric (|3.16p is indeed invariant under I x g 1 (remember that A contains 
cot(#i), so it is odd under this paritj@) and the mirror f)2.35j) will be symmetric under I yz e 1 
after we impose some restrictions on the B-field components (more in the next section). 

Note that the D7-branes extend along the non-compact direction r. A similar brane config- 
uration on the resolved conifold has been considered by [105], but it was not constructed from 
F-theory. It was shown there how strings stretching between D7 and D5-branes (or D6 and D6) 
give rise to a global symmetry. It is not a gauge symmetry because of the large volume factor 
associated with the D7-branes extending along the non-compact direction r. We will call these 
D7 or D6 that originate from F-theory "flavor branes" to distinguish them from the D5 or D6 
that carry the gauge theory. 

Before moving on with our duality chain let us comment on the gauge theory that results 
from this brane setup. As demonstrated in [5] , the gauge theory on the D5 or D6 branes gives rise 
to ]\f = 1 SYM in d=4. In IIB there are additionally 4x4 D7-branes at four fixed points. Each 
stack of four D7-branes gives rise to an SO (8) symmetry (not SO (4) because the D7-branes 
also have a "mirror image" on the "other side" of the orientifold plane, so there are effectively 8 
branes between which the strings can stretch). So the global symmetry in this setup is SO(8) 4 



35 The parity operation acts on the global manifold, so it does not merely send 61 — > —61, but acts on the global 
coordinate 61 . Comparison to (|3.15|l shows that this also implies (9i) — > —{81). 
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which can be broken by Wilson lines to (SO (4) x S'0(4)) 4 ~ SU(2) ie . In IIA there are now 
eight fixed points of the orientifold action (— 1) Fl I yz e 1 - Therefore, there are eight 06-planes, 
each accompanied by two D6-branes for charge cancellation. The symmetry group generated 
by eight stacks of D6 is therefore SO(4) 8 ~ SU(2) W . So in both IIA and IIB we consider a 
generalization of pure M = 1 SYM to a symmetry with flavors in the fundamental representation 
of SU(2) ie . If we are far away from the flavor branes (far away from the orientifold points), 
those flavors will be heavy and integrated out, so that in the low energy limit the effective field 
theory reduces to that discussed by [5|. See [3"1 1105] for more details. 

3.3 Non-Kahler Transitions in IIA 

Let us now turn to the "duality chain" . We will show that there are two non-Kahler backgrounds 
in IIA that resemble deformed and resolved conifold apart from B-field dependent fibrations and 
are related by a flop in .M-theory. In this way they are geometric transition duals, because one 
could start with the deformed geometry, shrink a three-cycle and blow up a two-cycle in the 
resolved version of our non-Kahler conifold. The only difference is, that our two- and three-cycle 
contain non-trivial B-field fibrations. 

From the F-theory setup in the last section we know that every metric for D5-branes on the 
resolved conifold takes the local form (13. 16H : 

ds 2 = dr 2 + (dz + Adx + B dy) 2 + {dx 2 + d9 2 ) + (dy 2 + dO 2 ) . 

We also have to re-evaluate the assumptions about NS and RR flux. We cannot use the solution 
from [76] because it breaks supersymmetry and our background contains additional D7-branes 
on an orientifold. 

We keep the assumption that there is only electric NS flux. Recall that B^s is odd under 
the combined symmetry 0(— 1) Fl , see (13. ip and (13.30 . so it also has to be odd under parity I x g 1 
to be invariant under the orientifold action Q(— 1) Fl I x q 1 . This means that only flux components 
with precisely one leg along the directions of the degenerating fiber (x, 9\) survive. This restricts 
our ansatz ([2T32D tc|l 

Bjjg = b x e 2 dx A d0 2 + b y9l dy A d6 1 + b z9l dz A d6i . (3.20) 

The same symmetry arguments apply to RR fields, we therefore make a generic choice for the 
RR two-form gauge potential 

C*2 = ci dx A dz + C2 dx A dy + C3 dx A d8 2 

+c 4 dy A d6i +c 5 dz A ddi + c 6 d6i A d6 2 , (3.21) 

where the components Cj as well as bij are in general allowed to depend on (r, 9\, 9 2 ) (to preserve 
the isometries of the background). The orientifold action also restricts them to be even under 
9 1 — > —9\. Note that c 2 and cq did not appear in the solution of [75] , but they are allowed in 

36 This is not the most generic ansatz, since we did not include b rx , b r o 1 or any magnetic flux that might still be 
invariant under the orientifold action. We still trust our ansatz to be generic enough for our purposes. It would 
be useful to find a supergravity solution that confirms that. 
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our orientifold setup. Since wrapped D5-branes act as fractional branes, there will also be an 
RR four-form potential. C4 is even under Q(—1) Fl , so we only allow for components that are 
even under parity as well 

C 4 = c 7 dx A dy A dz A dOi + c$dx Ady A d9\ A d6 2 + c 9 dx A dz A d#i A cZ0 2 . (3.22) 

The self duality of its fieldstrength is realized by taking F5 = (1 + *io) dC±. 

This is of course a specific toy example. One could furthermore restrict C 2 to be along the 
space transverse to the D5-brane only, i.e. along (x, z, 9\) or allow for components containing 
dr (the r-dependence of the RR fieldstrengths is taken care of by the r-dependence of the 
coefficients q). We should also note that away from the orientifold point more types of fluxes 
are allowed. However, as long as we do not know the full supergravity background we can very 
well demonstrate our calculation with this toy model. 

The IIA non Kahler background before transition 

The three T-dualities are performed as in section [231 and the result is a special version of (|2,35p . 
which becomes under the specific choice of B-field we made 

ds 2 = dr 2 + a~ 1 [(dz — b z g 1 d6\) — aA (dx — b x g 2 d02) — uB (dy — b y g 1 dOi)} 2 

+ a(l + B 2 ) [de\ + (dx - b xd2 d9 2 ) 2 ] + a(l + A 2 ) [d6 2 2 + (dy - b y01 d9 x ) 2 ] 

+ 2aAB cos(z) [d0 1 d9 2 ~ (dx - b xd2 d6 2 )(dy - b y0l dOi)] (3.23) 

+ 2aAB sm(z) [(dx - b x g 2 d0 2 ) d6 2 + (dy - b ydl dJB x ) d9i] ■ 

Note that this is indeed precisely the correct choice of B-field components that makes (|3.23p 
symmetric under I yz e 1 (with A and sin(z) odd, B and cos(,z) everr^l under the parity l yz e^)- 

To simplify notation in the following analysis, let us define coordinates (or rather one-forms) 
that include the B-field dependent fibration 



dx = 


dx — 


b x 2 d0 2 




dy = 


dy - 


b y e 1 d9± 


(3.24) 


dz = 


dz — 


b z8l ddi . 





The RR fields in the mirror IIA are also found by applying Buscher's rules (lB.12j) . The 
resulting RR one-form which corresponds to the intersecting D6-branes is 

C[ IA = cidy- c 2 dz + c 7 dB x . (3.25) 

The RR three-form field is found to be 

C\ IA = C xy \ dx Ady A d9\ + C xz \ dx Adz A d0\ + C yz \ dy Adz A dQ\ 

+ C yz2 dy Adz A d6 2 + C yl2 dy A dQ\ A d6 2 + C zl2 dz A dB\ A d6 2 (3.26) 

37 As explained in footnote 7 of section [3T2l this is to be understood as a parity of the global background. 
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with components denned as 



C xy i = —as + /ici , C xz i = C4 — /lC2 

<V = A/id C y22 = -C3 + f 2 (Bci - c 2 ) (3.27) 

Cyl2 = Cg + / 2 C7 , C Z 12 = C 8 + B/2C7 ■ 

The appearance of /j 2 needs some explanation. Recall that these constants were fixed by the 
metric to ±-v/ a/e. The question is if these fields are unphysical because they become infinitely 
large in the limit e — > 0. The approach taken in p] was to rescale the metric by a conformal 
factor y/e, such that the B-field (which has an overall factor of 1/y/e) becomes finite. This 
would on the other hand imply that all components in the RR-fields not containing f\ j2 scale 
with some positive power of e and vanish in the e — > limit. This is particularly unphysical for 
the 1-form (|3.25p . since its absence would indicate the absence of D6-branes. 

Another approach taken in pQ E] is to make explicit use of the local limit, where /1 2 are 
constant. Note that fi appears in terms with dOi and f% in terms with d9 2 . If we define new 
coordinates 

d§ l = d(f i e i ) (3.28) 

then all terms containing fi can be absorbed into these new coordinates. This interpretation is 
completely consistent if a is treated as a constant. If we wanted to leave local coordinates, we 
would have to define dOi = d(F{ 9j) with d$ i Fi = fi and restrict fi = fi(0i). 

Let it suffice to say that the problem of the unphysicality of some background fields can be 
cured in the local limit. We will henceforth keep these terms and ask the reader to keep in mind 
that their divergence for e — ► is not severe. In section [3^1 we will argue that these terms might 
actually be "large complex structure artefacts" that should vanish when we want to leave the 
large complex structure limit. 

Finally, let us note that there is also a 5-form field 

Ci IA = [eg + c 3 fi- (c 4 - Bc 5 ) h + (c 2 - Bci) fif 2 ] dxAdyAdzA d9i A d6 2 (3.29) 
and furthermore the dilaton ^4, which gives rise to a string coupling qa 

e+ A =g A = -j== ^ 9B = . (3.30) 

V 1 ~ a 

Apparently, the dilaton remains constant under T-duality if we take the limit that e — ► 0, so 
4 ) A = 4 ) B = 4>- F° r completeness, let us also quote the B-field, which was already evaluated in 
(I2.37p . It now has a slightly different fibration structure in the coordinates, but remains as 

- Bjjg dx A dOi — dy A d6 2 — Adz A d9% 

+B cos(z) dz A dQ 2 + B sin(z) dy Adz. (3.31) 



We have already commented on the properties of this non-Kahler manifold in section [27 
Let us now focus on finding the background it is dual to. Both geometries should be related by 
a flop transition in .M-theory just as in the Calabi-Yau case discussed in [68J. Let us therefore 
discuss how this background lifts to A^-theory. 
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The M theory Flop 

In order to not overload this section with details, let us make a simple choice for the background 
fields in (|3.20p and (|3.2ip . Let us assume 

b z 6i = Ci = except c\ =ci(r, 9±, 62)- (3.32) 

This simplifies the RR one-form in the mirror IIA. It will become useful to write f)3.25|) under 
this assumption as 

d = Aidx- A 2 dy , (3.33) 

where Ai and A2 are not necessarily given by zero and — ci, respectively, if we allow for an extra 
gauge degree of freedom in the one-form potentials. As usual in the presence of a gauge field 
C\ and dilaton 0, type IIA on a manifold X is lifted to .M-theory on a twisted circle via 

ds 2 M = e - 2 ^ 3 ds 2 x + e^ 3 (dx n + Ci) 2 (3.34) 

with x±i parameterizing the extra dimension with radius R, x\\ = . . . 2ttR. In the limit R — > 
we recover 10-dimensional IIA theory. The gauge fields in our case enter into the metric so that 
it becomes 

ds 2 M = e'^dr 2 + e~ 2(t,/3 a- 1 (dz - otAdx - aB dy) 2 + e A<t>/3 (dx n + Ai dx - A 2 dy) 2 
+e- 24>/3 [a(l + B 2 ) {dOl + dx 2 ) + a{l + A 2 ) {dQ\ + dy 2 )} 

+e' 2<t)/3 2a AB [cos(jb) (d9 1 d0 2 - dx dy) + sin(z) {dx dd 2 + dy d6 x )] . (3.35) 

The two fibration terms in the first line are of special interest. They are very similar in structure, 
even more so if one introduces new coordinates ipi and ip2 vi a 

dz = dip\ — dip2 and dx\\ = dip\ -\-dip 2 - (3.36) 

This happens, of course, with some forsight. To explain why this choice is particular convenient 
to perform the flop, we need to discuss similarities and differences compared to [68], which 
discussed the flop of Vafa's scenario. 

It was argued in [68] that deformed and resolved conifold both lift to a G2~holonomy manifold 
with symmetry group SU{2) x SU{2) x U{1). Moreover, it was shown in [106] . that there is a 
whole family of £r2-holonomy metrics (that includes the lift of resolved and deformed conifold) 
of the formzj 

ds 2 = dr 2 + a 2 [(S 1 +^i) 2 + (S 2 +e(T 2 ) 2 ] +b 2 {al+aj) 

+ c 2 {Z 3 -a 3 ) + f 2 {Z 3 + g 3 a 3 ) 2 (3.37) 

where <7j and £j are two sets of SU(2) left-invariant one-forms, because all these G^-holonomy 
metrics have S 3 x S 3 principal orbits, i.e. SU{2) x SU{2) symmetry. This is of course inspired 

38 A similar ansatz was discussed in |107| . which corresponds to g$ = 1 and a 2 (l — £ 2 ) = b 2 , so there are only 
four free parameters instead of six. Of course, the requirement of G2 holonomy restricts these parameters, only 
one of the six is actually free, so that the solutions from [106] correspond to a one-parameter family of G2 metrics. 
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by the usual notation for conifold geometries, see appendix In terms of Euler angles on the 
two S 3 these left-invariant one-forms are given aa 39 l 



o"i = cos ipi d6\ + sin ip\ sin 6\ d(p\ Si = cos ip2 d02 — sin ip2 sin 62 d<p2 

02 = — sin ipi d9\ + cos ipi sin 9\ d(f>i S2 = — sin ^2 d02 — cos ^2 sin 62 d<f>2 (3.38) 

03 = dipt + cos 0\ dcfii S3 = — cos O2 d(p2 

and satisfy doi = — 1/2 e^k 0"-? Aa k and ciSj = — 1/2 eijk S J AS fc . The metric in these vielbeins is 
obviously invariant under a left acting SU(2) x SU(2) and there is a U(l) symmetry generated 
by the shift symmetries ipi — > ^1 + A; and ^2 — ► ^2 + & 5 which is why ^1 — ^2 was identified as 
the 11th direction in [106J. 

The general setup (|3.37p that we adopted from |106j has less symmetry than the metric in 
[68j for which the flop was discussed. In particular, it allows for a solution that looks like the lift 
of a deformed conifold, but with two S 2 of different size (so it includes not only the Calabi-Yau 
deformed conifold). This becomes obvious if the Calabi-Yau metrics for resolved and deformed 
conifold are written in vielbeins (13.380 as 

2 2 

ds 2 de{ = A 2 ^(cj — Sj) 2 + B 2 ^(cj + Sj) 2 + C 2 (03 — S3) 2 + D 2 dr 2 (3.39) 

i=l i=l 

ds 2 es = A 2 j^{a,) 2 + B 2 j2{T, i ) 2 + C 2 {a,-T^) 2 + b 2 dr 2 (3.40) 

i=l i=l 

with the coefficients A, B etc. determined by Kahler and Ricci flatness condition, see (|A.24p 
and (IA.30I) . This clearly shows that the deformed conifold is completely symmetric under Z2 : 
Oi «-> Sj, whereas the resolved conifold does not have this symmetry, due to A 7^ B. This is 
precisely the statement that the two S 2 do not have the same size in the resolved geometry, but 
they do in the deformed. To see this consider 

a 2 + a \ = d0\ + sin 2 9 1 d<\>\ , S 2 + S 2 . = dJd\ + sin 2 9 2 # 2 , 

which implies for the metric describing the two S 2 

ds 2 def = (A 2 + B 2 ) [sin 2 9 1 dcpj + dQ\ + sin 2 6 2 d<\>\ + dQ\\ + ... 
ds 2 es = A 2 (sin 2 #1 d<j)\ + dOf) + B 2 (sin 2 8 2 d<\>\ + d9%) + ... 

for deformed and resolved conifold, respectively. Note that the parameter £ in (|3,37p controls 
the asymmetry between the two S 2 . On the other hand, the deformed metric has cross-terms 
<7jSj that the resolved conifold does not exhibit. This is the reason why the resolved metric has 
a U(l) that the deformed does not have. 

If deformed and resolved conifold have such different symmetry properties, how can they be 
reductions of the same .M-theory manifold? 

The answer to this question as given by [68] is that a G2-holonomy metric with symmetry 
SU(2) x SU (2) x U (1) can be reduced to six dimensions in two different ways. Topologically, 

39 We use slightly different notation than [1U6] . in particular we use —(f>2 instead of 4>2- 
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the manifold in question is equivalent to a cone over S s x S 3 that has a U(l) fiber on which 
one can reduce to d=6. One can either reduce on a fiber that belongs to an S 3 of vanishing size 
(this yields a six-dimensional manifold with blown-up S* 3 , the deformed conifold) or on a fiber 
that belongs to an S 3 of finite size (this gives a finite size S 2 in six dimensions, the resolved 
geometry] 4 ^. In other words, both scenarios are related by an exchange of the finite size S 3 with 
the vanishing 5 3 which is called a "flop transition". 

A cone over S s x S 3 is given by M + x S 3 x 5 3 which is equivalent to M 4 x 5 3 . The topology 
of this manifold can be viewed as [68] 

(ul + ul + ul + ul)- («? + «! + U3 + U4) = V, with m,ViER. (3.41) 

For V > the blown up <S 3 is described by Uj and Vi correspond to M 4 . For V < their roles 
are exchanged. The flop transition can then be viewed as a sign flip in V or as an exchange of 
the two S 3 . Since each 5 3 is described by a set of SU(2) left invariant one-forms, this amounts 
to an exchange <7j «-> £j. But note that this also implies that the U(l) fiber along which one 
reduces to d=6 is contained either in cr 3 or £3, i.e. it is given either by ip% or ip 2 , but not by 
%ll = V'l + ^2 as we would like to define it. 

This discussion was for the Calabi-Yau metrics. The "non-Kahler deformed conifold" we 
found in section [2] does not have two S 2 of same size. We therefore need to use the more general 
ansatz (13.37P from |106| and adopt a flop different from the one suggested for the Calabi-Yaus 
in [68] . 

It was established in [106] that the limit c = of the G2 metric (I3.37P contains resolved 
and deformed conifold in different regions of the parameter spaed 4 "*! They chose x\\ = tpi — ip2, 
which is close to what we attempt to do. But it becomes obvious from the crossterms 

<7i£i + (72£2 = cos(V>i — 1P2) [d0\ d02 — sin 0i sin 02 depi d(fe] 

+ sin(V>i - ^2) [sin 61 dfa d0 2 + sin 9 2 d<f> 2 dOi] (3.42) 

that ip\ — ip2 has to be identified with tp (or z in local coordinates) to produce the typical cos ift 
and sin^ terms for a deformed conifold, recall for example (12. 7p . We therefore choose z = ip\ — ip2 
and xii = ip\ + tp2 in (|3.36j) . 

After this excursion into the literature, let us now discuss our IIA background. Our metric 
(|3.35|) does of course not describe S 3 x S 3 principal orbits. Recall that our coordinates x, y, z 
are non-trivially fibered due to the B-field components which entered into the metric. We can 
nevertheless adopt the ansatz (|3.37p with a different definition of vielbeins 

o\ = cos ipi d6\ + sin ipi dx Si = cos ip2 d&2 — sin Tp2 dy 

02 = — sin ipi d0± + cos ip\ dx £2 = — sin ip2 d&2 — cos ij} 2 dy (3.43) 

o"3 = dipi — a A dx £3 = dip2 + olB dy . 

Then we can write p.35p in terms of these vielbeins as in (I3.37p , But our metric does not have 
G2 holonomy. It only possesses a G2 structure, as will be discussed in section H] 

40 Furthermore modding out by a Zjv in both cases gives a singularity corresponding to N D6-branes or a 
non-singular solution with N units of flux, respectively [68]. 

41 In particular, |106| solved the differential equations for the r-dependent coefficients a,b, c, /, g$ and £ and 
showed that the resulting Kahler form looks like that for the resolved conifold. It was not considered how a flop 
between resolved and deformed conifold can be performed. 
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Let us make one last simplifying assumption. Consider the term (S3 + 53 03), which becomes 
in our vielbeins 

(S 3 + 53 0-3) = (#1 + 93 #2 - otAdx + g 3 aBdy) . (3.44) 

We would like to match this with the twisted .M-theory circle (dxu + C\). Since we want to 
identify ^1 + 1P2 with xu, we also have to identify the terms in the fibration with the one-form 
gauge field (|3,33p . Assume we can use a gauge choice for C\ such that Ai = —aA, then we can 
use the freedom in (73 to bring also the other term in the required form g^aB = — A 2 . Let us 
therefore assume right from the start that we can set 53 = 1 and choose the one-form to be 

Ci = -aA dx + aBdy. (3.45) 

Then we can bring our metric (|3.35h into the form (|3.37p using the one-forms (|3.43|) . After a 
little rearrangement, this takes the formal: 

ds 2 = e- 2 ^dr 2 + e- 2 ^a{l + A 2 ){T? 1 + ^l) + e- 2 ^a{l + B 2 ){al + al) (3.46) 
+ 2e" 2 ^ 3 aAB (a^ + a 2 S 2 ) + e~ 2 ^ 3 a" 1 (<j 3 - S3) 2 + e 4 ^ 3 (a 3 + S3) 2 . 

The identification of parameters with (|3.37p is as follows: 

a 2 = e ~2<^/3 a{1 + A 2) 5 c 2 = e -20/3 Q -l 

b 2 = e -20/3 (1 + A 2yl ^ f 2 = ^3 (3.47) 
£ = AB(l + A 2 )-\ 93 = 1, 

the only difference being that we consider the limit / = as the reduction to ten dimensions 
instead of c = as in |106j . i.e. we reduce along x\\ = tpi + ip2- 

The flop has to be different from the case considered in [68J, since we do not want to exchange 
the role of ip\ and fa, but we want to exchange x\\ and z as these are the naturally fibered 
coordinates in f)3.35|) . Furthermore, we have the asymmetry factor £, so that our metric does 
not exhibit the Z 2 symmetry the lift of the Calabi-Yau deformed conifold does. We 

define our flop transition by the assumption that after flop a reduction along x\\ should produce 
a resolved geometry. This means in particular that the cross terms <7iSi and <7 2 S 2 in (13. 37ft 
have to vanish. This, together with x\\ <-> z, can be achieved by 

C3-S3 <-> (T3 + S 3 

<Ji -» S, (3.48) 
S« ~~ > £ ( a i ~ Sj) with i = l,2. 

This results in the following metric after flop 

ds 2 = e-^d^ + e-^^^idef + dx^+e'^r^^idej + dy 2 ) 

+e~ 24 ' /3 a- 1 (dx n ~ aAdx + aB dyf + e 4 ^ 3 (dz - aA dx - aB dyf , (3.49) 
which can now be reduced along the same x\\ to the IIA background after transition. 



42 Here we have ignored that our metric does not contain cos z and sin z, but only their expectation values. This 
can be taken into account by defining tj}i — ip2 = (z) + z and keeping only the lowest order in this local coordinate, 
but it does not influence the following statements. 
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The IIA non Kahler background after transition 

Dimensional reduction on the same in does clearly not give the same metric as before flop. 
Instead, we find 

ds 2 = dr 2 + aA 2 B 2 {l + A 2 )- l {ddl + dx 2 ) + {l + A 2 )- l {d6l + dy 2 ) 

+e 2<t> (dz - aAdx - aB dy) 2 . (3.50) 

with one-form gauge field 

C x = y/a(- Adx + Bdy) (3.51) 

where we rescaled xxx with 1/y/a. Recall that the coordinates dx, dy describe B-field dependent 
circle fibrations over x, y, so this manifold is non-Kahler in precisely the same spirit as the 
"non-Kahler deformed conifold" before flop (|3.23j) . Comparing it to (13. 16ft shows that it also 
possesses the characteristic metric of a resolved conifold (locally). Note that the dilaton is the 
same as before flop, 4>a = <Pb = 4> = const. 

To summarize: we claim the metric (|3.50p . which we call "non-Kahler resolved conifold" to 
be transition dual to the metric (j3.23[) . the "non-Kahler deformed conifold". The latter one 
was a manifold with D6-branes wrapping a 3-cycle, whereas the former describes a blown-up 
2-cycle with fluxes on it. We have not considered all the fluxes yet. 

In particular, B^g from (|3.3ip lifts to M-theory as a 3-form field C = B^g A dx n . bince 
we reduce along the same 11th coordinate after flop, this field is reproduced exactly as before 
and remains a passive spectator. The RR three-form fields from (13.26f) lift directly to three- 
form flux in .M-theory, so it remains unchanged under flop as well. The components (|3.27p are 
simplified by our ansatz (I3.32h . they now amount to 

C xy i = fic\ , C yzl = Afca , C yz2 = Bf 2 ci , (3.52) 

all others vanish. The five-form does not change eitheiEl, it is still given by (13. 29ft but it is 
simplified by the ansatz (|3.32p to 

C\ IA = -Bc x hh dx A dy A dz A d0 x A d0 2 . (3.53) 

So, in conclusion, all fields except the RR one-form remain unchanged under flop transition. 
This should of course be expected, since the effect of a geometric transition is to remove the 
D-branes, but not the fluxes. In fact, one would expect all fluxes to remain unchanged under 
this transition. The changed one-form is only due to the gauge choice we employed in (|3,45p . 
This choice was by no means necessary to perform the flop, but tremendously convenient. 

There is another consistency check for our background that involves a relation between NS 
and RR three-form fieldstrength. The fluxes have to satisfy a linearized supergravity equation 
of motion [U [70] 

^3 = *6 H NS , (3.54) 

where F3 = dC 2 is the RR fieldstrength, H^s — dB^$ is the NS fieldstrength. We started with 
an ansatz for the B-field B^g = b x g 2 dx A d9 2 + b y g 1 dy A dOx which is allowed under orientifold 

43 There is no five form in .M-theory, but the IIA five form is dual to a three form that can be lifted to lid. 
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action. A particular simple choice would be to allow the coefficients to depend only on r, as in 
|76j . The corresponding field strength would then be 

Hffg = d r b x Q 2 dr A dx A d9 2 + d r b y e 1 dr A dy A dQ\. (3.55) 

This would be consistent with the following RR fieldstrength 

F\ ib = F xz2 dx Adz A d9 2 + F yzl dy Adz A d8 1 

= * 6 (H ry i dr A dy A d6i) + * 6 (H rX 2 dr A dx A d8 2 ) , (3.56) 

where Hijk indicates the corresponding component of HjJa ■ (The precise relation between F xz2 
and H ry i involves a numerical factor from the Hodge operator on this curved manifold.) Can 
this be realized with the simple ansatz (|3.32p ? The answer is yes, if we consider 

C[ IB = Cl {6 2 )dxAdz. (3.57) 

This will have a fieldstrength F^ IB = dg 2 ci(9 2 ) dx Adz A d9 2 , but no dy Adz A d9\ component. 
This means that for the equation of motion (|3.54[) to be satisfied we also need the dr A dx A d0 2 
component of HjJ B to vanish, so that 

Ff B = <% 2 ci(6» 2 ) dx Adz A d6 2 = * 6 H$g = * 6 (d r b y9l dr A dy A d9 x ) . (3.58) 

This can be achieved by letting b x g 2 = constant. Allowing for more RR components than only 
ci to be switched on will also allow for more generic B-field components. 

One can actually show that the most generic ansat :Q for IIB 2-form fluxes, that are allowed 
under orientifold action, will always yield b x g 2 = constant and C3 = C4 = C5 = cq = constant. 
Otherwise we cannot fulfill the equation of motion if all background fields only depend on r, 6\ , 6 2 
and we do not allow for magnetic NS flux. One also finds c\ = c\(r, 9 2 ) and c 2 = c 2 (r, 9 2 ), only 
b z g 1 and b y g 1 can depend on all base coordinates. 

One comment is in order: in the discussion above we have always restricted the fluxes to be 
symmetric under orientifold operation. If we want to consider the full IIB theory with unbroken 
J\f = 2 supersymmetry, we actually have to move away from the orientifold planes, i.e. we 
restrict our local coordinates to a patch that does not contain any orientifold point. In that case 
we do not have to follow the restrictions imposed on the fluxes under orientifold symmetry, but 
the equation of motion (j3.54[) still restricts the RR fluxes in terms of NS fluxes. This will allow 
for much more generic fluxes. 

One particularly interesting example would be to introduce a IIB RR two-form component 

C{ 1B = cio dy A d6 2 (3.59) 

which is allowed away from the orientifold point. We still require c\q to be independent of x, y, z 
to preserve the isometries of the background. Under three T-dualities this creates a new term 
in the IIA three-form 

C{ IA = cio dx Adz A d6 2 . (3.60) 
44 This includes dr A dx or dr A d6\ components for Bns and C2. 
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This term is interesting, because it describes flux along the three-cycle on which the branes 
are wrapped. Its existence implies that we can define a complexified volume of the blown up 
three-cycle before flop in .M-theory as 

V = VdetG + i\c w \ , (3.61) 

as anticipated in [68] (G being the metric on the three-cycle). This helps us to avoid the 
singularity in the flop transition, because even when the three-cycle shrinks to zero, there is 
still a finite imaginary part in V. This means one can smoothly transform from the deformed 
to the resolved geometry in the Ai -theory lift. This imaginary part was interpreted as a gauge 
theory #-angle in [68]. That means, it would have to be closed (recall that the 0-angle in 
supersymmetric field theories is constant). To answer the question if this is possible in our setup 
we can again consider the IIB equations of motion. 
The fieldstrength of this new term would be 

Ff B = d r c 10 (r, 6 1 ,e 2 ) dr A dy A d0 2 - d 6l c 10 (r, 6 1 ,6 2 ) dy A d9 1 A d9 2 . (3.62) 

The problem with this term is that the linearized equation of motion (13. 54ft would imply a 
dx A dz A d9\ or dr A dx A dz term for H^s- But this is magnetic flux which we do not allow 
for. So, the only solution is that the RR three-form fieldstrength in IIB has to vanish as well 
which can be achieved by setting cio to a constant, this implies dC 2 IB = 0. In the mirror IIA 
this implies indeed that dC[ IA = 0, which justifies its interpretation as a gauge theory #-angle. 

In conclusion, we have shown that we can construct a new pair of string theory backgrounds 
that are non-Kahler and deviate from deformed and resolved conifold in a very precise manner: 
the T 3 fibers are twisted by the B-field. They are related by a geometric transition, because their 
respective lifts to .A/f-theory are related by a flop. We will comment on possible implications for 
gauge theories in section IBT21 

This concludes our discussion of the geometric transition in IIA (an analysis of the SU(3) 
structure is relegated to section U} . We can now "close the duality chain" by performing another 
mirror which takes us back to IIB. We should recover a Kahler background similar to the 
Klebanov-Strassler model [4], since we started with a Kahler manifold in IIB. 

3.4 Kahler Transitions in IIB 

In principle the analysis follows the same steps as laid out when T-dualizing the resolved conifold 
from IIB to IIA with NS and RR flux in section 13.31 Only now, our starting background is the 
non-Kahler version of the resolved conifold in IIA, the complete background is described in the 
end of the last section. Again, we can only recover a local (semi-flat) version of the deformed 
conifold, this time in IIB. We will make the fascinating observation that the same mechanism 
that converted B-field into metric cross terms and vice versa will now serve to restore b x g 2 and 
b y o 1 as B-field and the metric will be completely free of any B-field dependent fibration. The IIA 
B-field will of course enter into the metric again, but looking at (13.31H and taking the semi-flat 
limit (z) = we find 

BjJ^ = dx A d6i — dy A d6 2 — Adz A dQ\ + B dz A dd 2 . 
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The IIA B-field components are entirely given by A and B — the original metric components. 
The original IIB B-field components b x g 2 and b y g 1 contained in dx = dx — b x g 2 d02 and dy = 
dy — b y g 1 d9\ will be converted into B-field again and do not contribute to the metric after three 
T-dualities. 

We could take the background (|3.5U|) and RR fluxes (|3.52|) . (|3.53j) and T-dualize them to IIB, 
but it should be obvious that all the steps performed during the flop do not rely on our simplifying 
assumption (|3.32p . In particular, we could have taken the full B-field and 3-form fluxes, as they 
do not participate in the flop transition at all. We could also replace dz — ► dz = difii — dip2 
anywhere in the <Tj and Sj by introducing dipi = dipi — \b z g x d6\ and dtp2 = dipi + \b z g x d0\, 
then still dxu = dipi + dip2 = dip\ + dip2 and we would reduce on an untwisted fiber. A little 
harder is the question whether we could use the full RR one-form gauge potential before flop 

C[ IA = ady- c 2 dz + c 7 dBi (3.63) 

and use a gauge choice and the freedom in the parameter g% to bring this into the form (|3.45[) . 
The term —C2 dz + C7 d9\ would have to be gauged away or absorbed into a redefinition of dx\\. 
Locally that should be no problem, but if we want to allow for a coordinate dependence of Cj 
this might not always be possibld^l. The only simplifying assumption we will therefore make in 
this section is 

Pa (r, 0i, 2 ) = c 7 (r, 6 U e 2 ) = 0. (3.64) 

Otherwise we will take the full IIA background after transition as our starting point for the 
last piece of the duality chain. The metric then reads 

dsjiA = dr 2 + e 2< ^ [(dz — b z g 1 d6\) — a A (dx — b x g 2 d9 2 ) — aB (dy — b y g 1 d9{j\ 2 

+ TT^ ^ + {dx ~ bxd2 dd2)2 } + iTa* ^ + {dy ~ byei d0l)2 } ' (3 ' 65) 

where we have written the fibration structure explicitely as a reminder that the original IIB 
B-field is contained in this metric. We would like to stress the readers patience with introducing 
another set of symbols for the metric components giving the spheres: 



C = a ~ " , D = — X — ? and «n 1 = CD + a 2 e 2 ^ (CB 2 + DA 2 ) (3.66) 
1 + A z 1 + A z 

analogous to the definition of A, B and a in (|2.10p and (|2.13p . The IIA B-field is given by 

Bns = fi(dx-b x 8 2 d62)Ad8 1 +f2(dy-b yei d8 1 )Ad0 2 

-fi A (dz - b zdl dBi) A d6i - f 2 B (dz - b z01 d0 x ) A d0 2 , (3.67) 

where we have reversed the coordinate transformation (|2.25p to obtain a background with isom- 
etry in z-direction, i.e. we take the semi-flat limit again. Recall that were found to be 
fl = — /2 = (/f ; but we will "forget" their infinity for the moment and come back to it later. 



A 2 B 2 1 



45 We can of course always perform a flop transition, no matter what the 1-form gauge field looks like. But if 
we want to use the analysis based on the SU(2) invariant one-forms, we require this particular choice of C\. 
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The RR fields are given by the one-form (|3.5ip and three-form f|3.26[) whose components under 
the assumption (|3.64p become 



C X yl — — C5 + f\C\ , C xz i — C4 , Cyzl — AfiCi 

Cyz2 = -C3 + Bf 2 a , C y i2 = Cg , C z i2 = c 8 (3.68) 

as well as five-form (|3.29|) which is now given by 

Ci IA = [cb + c 3 fx - (c 4 - Bc 5 ) h ~ Bex /1/2] dx A dy A dz A dflj A d0 2 . (3.69) 

T-dualizing this background along x, y and z again fails to produce the dOx <i#2~crossterm 
typical for a deformed conifold. We have to use the same "trick" as when going from IIB to IIA 
in section [2j we have to boost the complex structure of the (x, 6x) and (y, 62) tori: 

dxx = dx + i d6\ — > dx + (i — fx) d9\ , d\2 = dy + i d6 2 — > dy + (i — f^) d02 ■ (3.70) 

Then performing three T-dualities is tedious but nevertheless straight forward. Again, fx and 
fi have to be very large, so we set them to f = Pi /VI and change the g zz component in the 
metric as g zz — > g zz — e. Taking the limit e->0we recover a metric that has some resemblance 
with a deformed conifold 



ds 2 j TU = dr 2 + 



e 



-2<j> 



a CD 



dz + Afx d9x + Bf 2 d0 2 + a aADe 2 ^ (dx - fx dOx 



+a aBCe 2 ^ (dy - f 2 d8 2 ) + a (d + a 2 B 2 e 2 ^ (dx - fx d6x) 2 (3.71) 
'C - a 2 A 2 (3j^J dOl + a (c + a 2 A 2 e 2 ^ (dy - f 2 d6 2 ) 2 + (d — a 2 B 2 pfj dQ\ 
- a 2 f3xhAB dOx d6 2 - a a 2 ABe 2 ^ (dx - fx d6x)(dy - f 2 d9 2 ) . 

A few comments are in order. 

• We took the limit e — > without taking into account that f actually scales like e -1 / 2 . 
These are two different limits, but interchanging their order or letting e = e does not 
influence the result. 

• The metric still has a fibration structure, now in terms of —fidd%. Did we not promise 
to recover a Kahler background? The key is that this fibration over x, y and z does not 
depend on the B-field anymore. What was B-field in IIA actually stems from metric cross 
terms in IIB. So we reversed the entanglement of metric and B^s that dominated the IIA 
backgrounds, both before and after transition. 

The /j-dependent fibration can actually be removed in several ways. We could again take 
the approach from [HE] and introduce dOi = d(f6i) as in (|3.28|) . which is exact. In the local 
limit this is justified and all f dOi terms can be absorbed into the coordinates x, y and z. 

But we can also argue for the removal of the unwanted /j-terms on more physical grounds. 
What we recover in (|3.7ip is naturally the large complex structure and semi-flat limit of the 
deformed conifold. Not only does it have the z-isometry we will break by introducing the cross 
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terms accompanied by cos(z) and s'm{z), but it also has a large scaling of the base coordinates 
Oi (r is non-compact to start with). This is different from the situation we encountered in 
section 12.31 where the boost of complex structures on the resolved conifold did not appear 
explicitely in the deformed mirror metric, but only in the flux (it became part of a large B-field, 
from where it now comes back to haunt us). The fibration with large fi we find here is the 
reverse transformation to the large complex structure boost we did to the IIB background before 
transition. In the local limit this is nothing but a coordinate transformation, which we can now 
reverse to get back to our original coordinates. We can therefore argue that leaving the large 
complex structure limit is synonym with removing the ./^-dependent terms. The postulated 
mirror metric (not in the large complex structure limit anymore) is then 



dsj IB = dr 2 + 



-20 r 

dz + aoaADe 2 ^ dx + a^aBCe 2 ^ dy 



2 



a CD 

+a (D + a 2 B 2 e 2 ^ dx 2 + (c - a 2 A 2 (3 2 ^j d6j 

+a (C + a 2 A 2 e 2 ^ dy 2 + (d - a 2 B 2 j3%) dd 2 2 (3.72) 

-2a 2 : (3i0 2 AB d9x d6 2 - 2a a 2 ' ABe 2 ^ dx dy . 

We would have found the same result if we had adopted the point of view that the IIA B-field 
was only a large complex structure artefact or if we had gauged it away. Similar remarks hold 
true for the RR fields that could also be freed from the "unphysical" /j-terms. 

We then proceed as in section [2j We require the d9\ d02 term to have the same coefficient 
as the dx dy term, implying 

0ih = -a e 2<t> . (3.73) 

We would also like to combine x and Q\ as well as y and 62 into spheres/tori. This will in general 
not be possible for both. We therefore require it for y and 62, since we want to rotate these 
coordinates to restore the deformed conifold metric. The (x, #1) sphere will remain squashed. 
Solving for the dy 2 and d6 2 coefficients to be equal gives 



which determines f3\ to be 



02 ~ aB (3 - 74) 

= -aoaBe 2(t> 

s/D - a {C + a 2 A 2 e^) ' 
If we then also use the coordinate rotation (|2.25p , we obtain as the final IIB metric after transition 

-2</> r -,2 

d.7. 4- ry^rv A Dp 2 ^ dx 4- n„« BCp 2 ^ riii 

a CD 

+a ( D + a 2 B 2 e 2 A (dx 2 + C dB\) +a (c + a 2 A 2 e 2 *) (dy 2 + d0\ 



dsns = dr 2 + 



dz + a aADe 2<t> dx + a aBCe 2<t> dy (3.76) 



+2a a 2 ABe 2(t ' [cos(z)(dOi d6 2 - dxdy) + s\n(z)(dxd0 2 + dy d9i)] , 
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where we have introduced the "squashing factor" 

^ a (D + a 2 B 2 e 2 <t>)' { } 

One might ask if we could have obtained a metric that comes closer to the deformed conifold 
(without the squashing factor). The only step in the calculation that allows for a deviation from 
the derivation presented here would be the flop (|3.48p . The way we define this flop determines 
the coefficients C and D (the size of the two spheres after transition). One could entertain the 
idea of leaving D as a free parameter and determine its value by requiring £ = 1, i.e. the (x, 9\) 
sphere to be unsquashed. This seems like a worthwhile idea, but for the ansatz (|3.37p there 
does not exist any flop transition that would allow to fix D independently of C. All flops that 
produce the right metric (i.e. close to a resolved conifold after transition) allow only for an 
overall factor which would be the same for both spheres, i.e. C and D would both be scaled 
by the same factor. That does not solve the squashing problem and we therefore adhere to the 
choice (|3.48p . which seems most natural (since it sends a\ j2 — ► £1,2)- 

We therefore find that the final IIB metric after flop (|3.76p is not quite a deformed conifold 
due to the asymmetry in the (x, 9\) sphere/torus. In the local version presented above it is 
of course Kahler (all coefficients are constant), but we cannot make any statement about the 
global behavior. Remember that we do not have the global metric for our starting background 
with D7/07 and D5 branes. Thus, we conclude that the local metric (|3.16p is transition dual to 
the local metric (I3.76p . Both of them are Kahler, in contrast to the pair in IIA which contained 
a fibration depending on the B-field of IIB. 

After having determined the metric we should now pay attention to the NS and RR fields of 
this background. The B-field splits in two parts, one "physical" and one large complex structure 
artifact: 

Bjjg = b ydl dy A d6 1 + b x # 2 dx A d9 2 + b z6l dz A dO x (3.78) 



+/i 



aA dz A dOx + aB dz A d9 2 + dx A dd\ + dy A d9 2 



where we encounter precisely the same fibration as we have seen in the metric 

dz = dz + A/i dBi + Bf 2 d9 2 

dx = dx — fi d9\ (3.79) 
dy = dy - f 2 d9 y . 

Again we take the point of view that this is simply a large complex structure artifact and should 
not be present in the IIB background after we leave this limit. Moreover, the whole second line 
in the last equation scales with this large prefactor, so we will argue that after leaving the large 
complex structure limit the B-field should read 

BjJs = bydi d V A de ^ + b ^2 dx A de 2 + b z6l dz A 6B\ . (3.80) 
In other words, we recover the B-field we started with in (|3.20p . 
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We now turn to the RR fields, there are one, three and five-form in IIA. It turns out that 
there will be no RR zero-form (axion), but only two- and four-form in the mirror IIB. Omitting 
terms that scale with /j we find 

y/aB dx Adz — C3 dx A d9 2 — \J~aA dy Adz — C4 dy A d0\ (3.81) 
c 5 dz A dB\ - c 6 dOi A d0 2 

c 8 dx Ady A dOi A d9 2 -c 9 dx Adz A dOi A d9 2 . (3.82) 

As expected, this is very close to the two- and four-form we started with in IIB before transition, 
see (I3.2ip and (13.22j) . As already mentioned, we should recover the fluxes that correspond to 
the D-brane setup from before transition, but the cycle on which the branes were wrapped has 
shrunk and we have a completely different geometry. The only term that looks out of place in 
(|3.8ip is the dy A dz term. This was not part of our ansatz (|3.2ip as it is not invariant under the 
orientifold action. The reason this term appears is the gauge choice we made in (|3.45p . One can 
check explicitely that the reverse T-dualities with the original IIA one-form (13.630 do indeed 
reproduce the fluxes we started with before transition. There is only one minor difference: all 
RR fields have an overall minus sign. This is not worrysome, since the orientation of the cycles, 
which enter into the quantization condition for the fluxes, can contribute an overall sign. 

Something very peculiar happens to the dilaton. According to T-duality rules (|B,lip it is 
given by 

e 2 ^ = G-jG^g^e^ (3.83) 

where G and G indicate the metric after T-duality along x and y, respectively, g and <j) are the 
metric and dilaton of the starting background in IIA. Plugging in the corresponding values this 
becomes 

e 2 * = (a CDe 2cl) )~ 1 {a {C + a 2 A 2 e 2 ' t> )){C + a 2 A 2 e 2 ' t> )~ 1 e 2 ' t> = (CD)- 1 . (3.84) 

Since the IIA dilaton <f> became part of the metric during the flop, it now cancels in this equation. 
The IIB dilaton is not given by the IIA dilaton anymore. In the local background the final dilaton 
in IIB is still a constant and its vacuum expectation value could be fixed to zero by fixing the 
expectation values of C and D. But it depends in principle on the size of the two spheres/tori 
in the IIA background after flop. If we leave the local limit it would not be constant anymore, 
in contrast to the other IIB and both IIA backgrounds. 

It would be interesting to compare the background we found to other known IIB backgrounds 
with D5-branes on the resolved/singular conifolds that flow to a deformed conifold geometry 
in the IR. In particular, Klebanov-Strassler [4] and Maldacena-Nunez |73j constructed such 
backgrounds and it was shown by Minasian et al. |108] that there is a one-parameter family 
interpolating between these backgrounds. Ours might be a member of that family. We will 
return to this in section 15.41 and use those similarities to postulate a global solution. 

In conclusion, we have shown that the "duality chain" needs to be modified due to fluxes. The 
NS field enters into the metric giving rise to non-Kahler backgrounds in IIA. We constructed 
a pair of such backgrounds that we call "non-Kahler deformed" and "non-Kahler resolved 
conifold" and which are related by a flop in A4-theory. That we can close the duality chain and 
return to a Kahler background in IIB provides a consistency check of our calculation. 
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In Vafa's original paper [5], it was already anticipated that fluxes will modify the background. 
However, the assumption there was that fluxes will only lead to warp factors. Therefore, they 
calculated topological string amplitudes for the Calabi-Yau backgrounds and considered fluxes 
to be turned on as a perturbation. This is not the picture we find here. The IIB B-field enters 
into the IIA metric as a non-trivial fibration. Turning off IIA flux does not remove the impact 
of the IIB B-field which is now part of the metric rather than flux. We therefore suggest the 
impact of fluxes to be not as trivial as anticipated in We will comment on possible ways to 
modify the arguments from [5] accordingly in section 16.21 . 
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4 Classification of IIA non— Kahler Manifolds 



In this section we attempt to classify the IIA non-Kahler manifolds we constructed in section 
13.31 As already mentioned, we do not find a half-flat manifold after performing three T-dualities 
with fluxes. We will show that this does not contradict supersymmetry requirements. First, it 
has been shown that lifting a lOd manifold on a twisted circle (i.e. with gauge field and dilaton 
as in our case) can still give a supersymmetric M-theory background (a G2 holonomy manifold), 
even if the lOd manifold was not half-flat |109| . Furthermore, we actually do not expect an lid 
manifold with G2 holonomy, since our M-theory background has flux turned on. 

Let us set the stage and explain how six and seven dimensional manifolds are classified in 
terms of their intrinsic torsion. This is interesting for string theory, because these manifolds have 
SU(3) or G2 structure, which occur naturally in string theory compactifications if one requires 
supersymmetry in d=4 [92], [110j - [TT4"] . See [115} 1116] for a rather mathematical exposure to 
manifolds with G-structure, we will in the following rely on [1001 111!] . Then we will illustrate 
the calculation of torsion classes for the local IIA backgrounds. We will show that with a very 
generic choice of complex structure we can find a symplectic, but no half-flat structure on these 
metrics. This local statement can of course not be assumed to hold true for a global background. 

4.1 SU(3) and G 2 Structure Manifolds 

We are interested in compactifications that leave some supersymmetry and Poincare invariance 
unbroken in d=4. The latter requires a 10-dimensional metric of the form 

ds 2 w = e A ^ V dx " + 9ab dy a dy b (4.1) 

with flat Minkowski space parameterized by the noncompact coordinates x 11 (/i = . . . 3) and 
flat metric hnu- The warp factor e A ^ depends only on the internal coordinates y a (a = 1 ... 6). 
If all background fluxes are set to zero, supersymmetry requires the external space to be flat 
(A(y) = 0) and the existence of a covariantly constant spinor ry on the internal manifold, see e.g. 
[6]. For each such spinor (that makes the supersymmetry variations of the fermions vanish) there 
is one copy of the minimal supersymmetry algebra in d=4. But a covariantly constant spinor 
also implies that the internal manifold has SU(3) holonomy, thus it must be a Calabi-Yau. 

This strong condition can be relaxed if we allow for non-vanishing vacuum expectation values 
of the fields, i.e. fluxes [33]-[43]. The 10-dimensional solution will then be a warped product of 
Minkowski space and some internal manifold which does no longer possess SU(3) holonomy, but 
only SU(3) structure. The 4d supersymmetry condition of a covariantly constant spinor on the 
internal space is relaxed to the existence of a globally defined, nowhere- vanishing spinor that is 
constant with respect to a torsional connection [33], i.e. 

V T ?7 = (V + T)j7 = 0, (4.2) 

where V is the Levi-Civita connection and T is the torsion. This reduces the structure group of 
the 6d manifold from SO(6) (the rotation group) to SU(3). If the torsion vanishes, the manifold 
has SU(3) holonomy and is therefore Ricci-flat and Kahler, i.e. a Calabi-Yau. These types of 
compactifications preserve N = 2 for type II or N = 1 for heterotic and type I theories, in other 
words they leave 1/4 of the supercharges unbroken. 
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The existence of an SU(3) invariant spinor is equivalent to the statement that the manifold 
has SU(3) struture. But SU(3) structures are also characterized by a 2-form J and a three-form 
fi |117j . Since two-forms are in the adjoint representation 15 of SO(6) and three-forms in the 
20 of SO (6), they decompose under SU(3) as 

15 = 1 + 8 + 3 + 3 

20 = 1 + 1 + 3 + 3 + 6 + 6, 

so there is one singlet under SU(3) corresponding to J and two singlets for f2, which correspond 
to its real and imaginary parts 0, = f2+ + ifl- . J and O fulfill the compatibility relations 

2 

= JAO_=0 and ft+ A = - J A J A J . (4.3) 

The torsiorF^I can be viewed as a one-form with values in the Lie-Algebra so (6), which 
decomposes into 511(3) and its orthogonal complement, so(6) = 511(3) ©su(3)" L . Only the su(3)" L 
part has a non-trivial action on the SU(3) invariant tensors (or spinors), this is called the 
intrinsic torsion with values in /\ 1 ®su(3)" L |116j . It also decomposes under representations of 
SU(3). In particular, 

A 1 ®su(3)- L = (3 3)0(10 303) 

= (10 1) 0(8 ©8) 0(6 ©6) 0(3 ©3) 0(3 ©3), (4.4) 

where A/~ 3 © 3, su(3) ~ 8 and su^) 1 " ~ 1 © 3 © 3. This implies that the intrinsic torsion 
T lies in 5 classes [TOO! HIT] : T £ Wi © W 2 © W 3 © W 4 © W 5 , which match precisely the 
decomposition under SU(3) as given above. Each of these torsion classes can be given by a 
component of the SU(3) decomposition of dJ and dVt. 

The obstruction for the torsional connection to be the Levi-Civita connection is measured 
in the failure of fundamental 2-form and holomorphic 3-form to be closed. Defining a set of 
real vielbeins {e^} one can define an almost complex structure as 

E\ = ei+ie 2 

E 2 = e 3 + i e 4 (4.5) 
E3 = e 5 + i e 6 , 
which gives rise to a (l,l)-form w.r.t. this almost complex structure 

J = ei A e 2 + e 3 A e 4 + e 5 A e 6 . (4.6) 
Similarly, one defines a holomorphic 3-form w.r.t. this almost complex structure 

n = tt + + itt^ = (ei + i e 2 ) A (e 3 + % e 4 ) A (e 5 + ? e 6 ) , (4.7) 

where Cl± are the real and imaginary part of f2, respectively. The torsion classes are then 
determined by the following forms: 

Wi ~ djW) , W 2 ~ {dfl) ( *> 2) 

W 3 ^ (rfJ)o 2,1) , W 4 «-► J A (4.8) 

>V 5 ^ dfi^' 1 ), 



46 We are a bit sloppy here and do not distinguish between contorsion and torsion. 
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where the subscript refers to the primitive part. A (p, g)-form j3 is primitive, i.e. (3 E f\^ q if 
(3 A J = 0. It is immediately obvious that complex manifolds have to have vanishing Wi and W 2 
and Kahler manifolds are determined by Tq £ W5. A symplectic structure has torsion contained 
in W 2 and W 5 . 

Decomposing £1 = $7 + + i f2_ we can write more precisely |100] 

dtt± A J = n±AdJ = Wf J A J A J 
dQ^' 2) = WfjAJ + W^AJ (4.9) 
d/ (2,1) = (JAW 4 ) (2,1) +W 3 , 

so Wi is given by two real numbers, Wi = + Wf , W 2 is a (1,1) form and W3 is a (2,1) 
form. With the definition of the contraction 

j : f\ k T*® f\ n T* — ► A"- fc T* (4.10) 

and the convention (ei A e 2 ) j (ei A e 2 A e 3 A 64) = e 3 A e 4 we can define [100 

W 4 = ^JjdJ, W 5 = -n + jdO+. (4.11) 

A half-flat manifold is specified by To G © © W3, which follows from J A d J = and 
<i$7 + = 0, but <i$7_ 7^ (this lead to the terminology "half-flat"). This implies it can be complex 
or non-complex. Note that the assignment of and £l + may be switched by simply exchanging 
real and imaginary parts in the complex vielbeins Ei in (|4.5p . 

Similar statements hold true for M-theory on 7-manifolds, which would require G 2 holonomy 
to preserve 1/4 supersymmetry in d=4 in the absence of flux. Turning on fluxes relaxes this 
condition to the existence of a globally defined G 2 invariant spinor. In terms of torsion classes, 
the fundamental object now is a G 2 singlet which is a nowhere vanishing 3-form $ and its failure 
to be closed and/or co-closed determines the torsion. The relevant structure group is G 2 and 
the intrinsic torsion decomposes under this group. This results in four torsion classes for the 
7-manifold: r e X\ © X 2 © ^3 © <*4- They are given by |100j 

d$> = X 1 (*$) + X4 A $ + X 3 

= - X A A (*<£>) + X 2 A $ . (4.12) 
3 

In |10Q[ 11171 it was demonstrated how a manifold with 5*^(3) structure can be lifted to a 
G 2 holonomvl 47 !. One defines the G 2 invariant 3-form as 

$ = Q+ + J Ae 7 (4.13) 

where e 7 parameterizes the 7th direction, such that the resulting 7-manifold is a (warped) 
product M x I with IcR. This produces Hitchin's flow equations [117j if the 6-manifold is 
half-flat. Hitchin concluded that every half-flat manifold can be lifted to a G 2 holonomy metric 

47 The lift of a half-flat manifold, the so-called Iwasawa manifold, to seven-manifolds of G2 holonomy or SU(3) 
structure as well as to eightdimensional Spin(J) manifolds was discussed in [118] . 
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and conversely that if the seven-dimensional manifold has holonomy in G2 then there exists a 
half-flat structure on the six-dimensional manifold for all t € I. Hitchin's flow equations 

dJ=^±, d n_ = -JA^- (4.14) 

dt dt y J 

describe the evolution of J and Q with t. Of course, on a (trivial) product manifold M X I a 
manifold M with SU(3) holonomy can always be lifted to a G2 holonomy. 

This is not the case if the 7d manifold is non-trivially fibered over the 6d manifold [100J. 
Such a non-trivial fibration occurs naturally if we lift a 6d background with RR one-form to 7d. 
The fiber is twisted by the gauge field whose field strength enters into the G2 torsion classes. 
This implies that SU(3) holonomy does not necessarily lead to G2 holonomy when lifting on a 
twisted fiber. 

In contrast, we are more interested in the reverse case discussed in |109| . Starting with an 
S"C/(3)-structure manifold X they constructed a (^-structure manifold Y as a lift over a twisted 
circle with dilaton <fi and gauge field A: 

dsl = e~ 2a * ds 2 x + e w (dz + A) 2 . (4.15) 

We will adopt the string frame in which a = 1/3 and (3 = 2/3. One now defines the 3-form on 
the 7-manifold not like in (|4. 13[) but rather as 

$ = n+ + e~§ * J A e 7 . (4.16) 

This gives straightforward relations between the torsion classes Wj and Xj that generally involve 
the field strength F = dA and the derivative of the dilaton d(j>. It was shown in [109] that 
requiring G2 holonomy (i.e. d& = d(*<S>) = or equivalently Xi = 0) leads to the following 
constraints on the SU(3) torsion classea 48 !: 

Wf = W 2 = W 3 = W 4 = 

W+ = -e^F^\ W 5 = \ d<f>. (4.17) 

Note, that only in the string frame W4 = 0, otherwise it is also proportional to d<f). This shows 
that the 6-manifold does not need to be Kahler (if F^' 1 ' 7^ 0), but it does not need to be 
half-flat either (it still could be if d(f) = 0). 

This short discussion was intended to clarify that half-flat manifolds are not the only mani- 
folds that can be lifted to a G2 holonomy, resulting in a supersymmetric compactification. One 
has to be specific about which type of lift is chosen. It is immediately clear that our scenario 
requires the 7th direction to be a twisted circle, since the IIA background has a gauge field 
A. But since we have also other background fluxes turned on, we obtain a torsional M-theory 
background after the lift. Therefore, the manifold we propose in IIA is neither half-flat nor 
has it torsion restricted to W^" © W5 . For the local metric constructed in section 13.31 we find 
a symplectic structure, but without knowledge of a full supersymmetric background we cannot 
make any assertions about the global structure of the manifold. It is nevertheless instructive to 
discuss the local type IIA backgrounds as examples. 



The case without dilaton was already discussed in [100] . Then the resulting 6d manifold is still half-flat, or 
more precisely half-flat and almost Kahler with torsion To £ W2 ■ They also anticipated that allowing for a circle 
fibration with non-constant size would turn on Wg. 
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4.2 Torsion Classes before Geometric Transition 



We will only discuss the IIA case, since the local IIB backgrounds are trivially Kahler. It will be 
shown that with a quite generic ansatz for the almost complex structure we can find a symplectic 
structure on the local metric, but no half-flat structure. 

The metric for the "non-Kahler deformed conifold" was given in (|3.23f) . Since we set b z g 1 = 
throughout the flop analysis, we will also employ this choice here. The metric then reads 

ds 2 = dr 2 + aT 1 [dz — aA (dx — b x g 2 d6 2 ) — olB (dy — b y01 d6\)] 2 

+ a(l + B 2 ) [dOl + {dx - b x02 d6 2 ) 2 } + a(l + A 2 ) [d6 2 2 + (dy - b y9l de x ) 2 } 

+ 2aAB cos(z) [d6id6 2 - (dx - b x02 d0 2 )(dy - b ydl dBi)] (4.18) 

+ 2aAB sm(z) [(dx - b x g 2 d6 2 ) d6 2 + (dy - b y6l d6 x ) d9i] . 

Let us furthermore assume that b x g 2 and b y g 1 are functions of r only, we showed in section 13.31 
that this simple choice can give a consistent background that fulfills the supergravity equations 
of motion (|3.54[) . 

To define an almost complex structure, let us first choose a set of six real vielbeins that 
encapsulates this metric. We follow the choice for the Maldacena-Nunez solution [73], since 
it also describes a deformed conifold that has two S 2 of different size. The vielbeins for this 
solution were given in [108] . we will discuss it in more detail in section [5j The vielbeins we 
choose are 

e 1 = dr , e 2 = a~ 1/2 (dz + A(dx - b^dOi) + B(dy - b y g 2 d6 2 )) 

e 3 = -j=L= de 2 , e 5 = -j=L= ( d y-b y e 2 d9 2 ) (4.19) 

e 4 = ^a(l + B 2 ) ^sin (z)(dx - b x6l d0i) + cos (z) dB x + - ^ 2 d0 2 ^j 

e 6 = y/a(l + B 2 ) (cos (z)(dx - b x6l dOi) - sin (z) d0\ - — ^ 2 (dy - b y02 d6 2 ) 

Following the discussion in [77J we write down the most generic candidate for a fundamental 
2-form 

J = Yj a v ei A ei . ( 4 - 20 ) 

i<j 

where the coefficients could in principle depend on all coordinates. This has to be compatible 
with an almost complex structure J% = 5 AC Job-, i- e - we require J 2 = -1. The resulting 12 
equations for the 15 coefficients a^- are solved in the appendix of [77J. If we furthermore make 
the assumption that = an = 0, the almost complex structure takes a particularly simple 
form [77j 49 l. The complex vielbeins can be written as 

E l = e l + ie 2 

E 2 = e 3 + i(Ie 4 -Pe 6 ) (4.21) 
£ 3 = e 5 + i(Ie 6 + Pe 4 ), 



This assumption might seem very restrictive, but we also considered permutations of the vielbeins 
(e 3 , e 4 , e 5 , e 6 ). All scenarios have W4 = in common and in some Wi or W± can be zero as well. The 
only case with more vanishing torsion classes is the symplectic one. 
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where X 2 = 1 — P 2 and P = 034. In the following we will make the simplifying assumption that 
P (and therefore X) is a function of r only. 
With this setup, J and O are defined as 

. 3 

J = % - E i AE 4 , U = E 1 AE 2 AE 3 (4.22) 

i=l 

and one can calculate dJ and dQ and all five torison classes with them. One immediately notices 
that W4 = 0, because 

J A dJ = 2a (P(r)P'(r) + X(r)X'{r)) dr AdxAdyA dB x A d6 2 , (4.23) 

which is identically zero because of P(r) 2 + X(r) 2 = 1 (the prime denotes derivative w.r.t. r). 
However, the metric does not allow for a half-flat structure, because there is no choice of P{r) 
that makes either df2+ = or dO_ = 0. We can nevertheless choose P(r) to give a symplectic 
structure. Consider Wf given by d£l± A J = Wf J A J A J: 

dfl+ A J = 2 ^ P'{r) dr A dx A dy A dz A dB\ A d0 2 (4.24) 
y/l - P{r) 2 

dVt-AJ = -a (cos{z)^l - P(r) 2 + sm(z)P(r)^J x 

((1 + B 2 )b' ydi (r) + (1 + A 2 )b' xe2 (r)) dr A dx A dy A dz A dB\ A d6 2 . (4.25) 

Note that in our local background the coefficients A, B and a are simply constants and we have 
assumed the IIB i?NS~field components to have r-dependence only. Obviously, vanishes if 
P(r) is constant. Wj~ vanishes if 

P = — cos(z) = constant. (4.26) 

It turns out, that for this value also W3 vanishes, and in this case dJ = 0. Let us stress again, 
that there is no choice for P(r) that would give W 5 = or = 0. The remaining torsion 
classes could only vanish if the IIB B^s field was constant. In that case we would trivially 
recover a closed two and three-form, since then all metric components would be constant. For 
completeness, let us also give W5 and W 2 with the choice (|4.26p for P: 

I 1 Bb 1 

W+ = (e 2 Ae^cos^e 1 A e 6 - sin(z) e 1 A e 4 ) 



AB 2 b' 

" ' " yd — (e 2 A e 4 — cos(z) e 1 A e 5 + sin(z) e 1 A e 3 ) (4.27) 



l + B 2 2 
Ab' 



V«(l + B 2 )^L (e 1 a e 5 - cos(z) e 2 A e 4 + sin(z) e 2 A e 6 ) 
AB b 1 

' sin(z) [ cos(z) (e 3 A e 4 - e 5 A e 6 ) + sin(z) (e 4 A e 5 - e 3 A e 6 )] 



l + B 2 



11 v'TVH • ifW,,) (e 3 Ae 5 + e 4 Ae 6 ) 



+ B 2 ) 
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W- = -J- m (e 1 A e 3 + cos{z) e 2 A e 6 + sm(z) e 2 A e 4 ) 



1 + B 2 2 
AB 2 b' 

^ (e 1 A e 4 + cos(z) e 2 A e 5 - sin(z) e 2 A e 3 ) (4.28) 

Ay 

+y / a(l + B 2 ) — |^ (e 2 A e 5 + cos(z) e 1 A e 4 - sin(z) e 1 A e 6 ) 

+ ?^% sm(i) (e 3 A e 5 + e 4 A e«) - (1 + ~ » 1 + ^ X 

1 + 5 2 w v 7 2^/a(l + £ 2 ) 

[cos(z) (e 3 A e 4 - e 5 A e 6 ) + sin(z) (e 4 A e 5 - e 3 A e 6 )] 
W 5 = ^ ((1 + i 2 )6; 9l + (1 + B 2 )^ 2 ) e 2 + 1 ^(1+^) e 4 



2 ! e5 - \ ]/TTB^ AB2b ^ ( cos{z) e4 + sin(z) e6 ) ■ (429) 

The vielbeins ej are defined in (|4.19j) . This completely specifies a symplectic structure on the 
"non-Kahler deformed conifold". 

4.3 Torsion Classes after Geometric Transition 

Very similar remarks hold true for the local IIA metric after transition which we termed "non- 
Kahler resolved conifold". We can find a symplectic structure, but and W5 are nonzero. 
The metric after transition was obtained in (|3.50p to be: 

ds 2 = dr 2 + e 2<t> (dz - aA (dx - b x g 2 d0 2 ) - aB (dy - b y9l d9 2 )) 2 (4.30) 
+ aA 2 B 2 (\ + .4 2 )- 1 (del + (dx - b x g 2 dd 2 ) 2 ) + (1 + A 2 )' 1 (d6 2 + (dy - b ydl dO^ 2 ) . 

We take again the ansatz (|4.2ip for the complex structure but now with real vielbeins 

e 1 = dr , e 2 = (dz — aA(dx — b x g 2 d02) — aB(dy — b y g l d6i)) 

' : d9 2 , e 5 = - 1 (dy - b^dBx) (4.31) 



e 3 



ViTa 2 ViTa? 



e = \l 1 _|_ ^42 (sin(z) (dx — b x g 2 d02) + cos(z) d9i) 



1 a 

e = W ^ ^ 2 AB (— cos(z) (dx — b x g 2 dd2) — sm(z) d6\) . 

This different choice of vielbeins is of course inspired by the resolved conifold [77] • One also 
finds W4 = automatically. Again, can only vanish if P(r) is constant and solving Wj" = 
has the same solution P(r) = — cos(z). There is no choice of P(r) that would allow for W5 = 
or = 0. With the choice P = — cos(z) the remaining torsion classes are 
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(4.32) 



W 2 





(4.33) 




[cos(z) (e 3 A e 4 - e 5 A e 6 ) - sin(z) (e 3 A e 6 - e 4 A e 5 )] 



2A 



b' y6l e 5 + - aVl + AiAe* b' xd2 e 4 + 



b' ydi + aA^ V 2 
2yfaAB 



x9 2 9 



e 2 , (4.34) 



where <j) is the IIA dilaton which we found to be exactly the same as the IIB dilaton before 
transition and constant. 

We see that the geometric transition maps the torsion classes W^ 1 and W$ into themselves. 
This can be translated into a statement about G2 torsion classes, using the definition of the 
three-form (14.160 . So, also the G2 torsion classes Xi are mapped into themselves. But we know 
that the flop just replaces the usual x 11 direction with the z-fibration. These two circles are used 
to lift SU(3) torsion classes to G2 torsion classes and this implies that the G2 torsion classes 
should not change during the flop. 

In conclusion, we have argued that on grounds of supersymmetry we do not expect a half-flat 
manifold. Our lift includes a constant dilaton, one might therefore expect the torsion classes 
(|4.17p to reduce to 7^ 0, leading to a half-flat structure. But we also lift other RR fluxes to 
G-fluxes in .M-theory, which means that supersymmetry does not require G2 holonomy on the 
7d manifold. Apart from that, we only have a local metric which does not show supersymmetry 
(all components and warp factors are approximated by constants). We could, however, find 
a symplectic structure on this local background which is in agreement with arguments from 
section 12.41 
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5 Geometric Transitions in Type I and Heterotic 



The same mechanism as that discussed in section [3] can be used to go beyond Vafa's duality chain 
and construct new transition dual backgrounds in type I and heterotic theory. The F-theory 
setup takes us naturally to the orientifold corner of type IIB which is basically type I. We only 
need to perform 2 T-dualities that convert the D7/07 system into spacetime filling D9/09. This 
gives rise to open and closed unoriented strings — type I. From there we can perform another 
S-duality and obtain heterotic backgrounds, see figure [2j These new backgrounds will also be 
non-Kahler, since the B-field enters into the metric when we T-dualize from the IIB orientifold 
to type I similar to the analysis in section [3J 



IIB D5-branes 
on orientifold of 
resolvec 



Type I D5 on 
non-Kahler 



geometric 



transition 



geometric 



transition? 



IIB fluxes on 
orientifold of 
deformed 




T 2 



Type I fluxes on 
non-Kahler 



S-duality 



S-duality 



Heterotic 
SO(32) NS5 on 
non-Kahler 


geometric 


Heterotic 
SO (32) fluxes 
on non-Kahler 


transition? 



Figure 2: The heterotic duality chain. Following the arrows we can construct non-Kahler 
backgrounds in type I and heterotic theory that are dual to the type IIB backgrounds before 
and after transition. This implies that also the new backgrounds are in a sense transition duals. 



Following these dualities on both sides of the geometric transition will give us backgrounds 
that are connected to a flop in .M-theory (as performed in section I3.3|) via a very long duality 
chain. Therefore, we claim these backgrounds are also transition duals. Supergravity equations 
of motion and the torsional constraint [33J for heterotic strings pose severe restrictions on the 
allowed type of fluxes. We provide a toy example that is consistent with the IIB orientifold 
action, the IIB linearized supergravity equation of motion and the torsional relation in the 
U-duaf^l heterotic background. 

We can also exploit the fact that the local heterotic metric we find after transition has a 
similar structure as the solution constructed by Maldacena-Nunez |73] . This enables us, for 
the first time in this work, to leave the local limit and propose a global solution in heterotic 
theory that is consistent with our IIB orientifold setup. For the construction of vector bundles 

50 U-duality is the combined action of T- and S-duality. 
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on heterotic and type I backgrounds we refer the reader to [3], where also their behavior under 
geometric transition has been studied. 



5.1 Another F— Theory Setup and IIB Orientifold 

Many of the considerations in this section are very similar to the F-theory setup constructed in 
section [3T2l but it should be immediately clear that we cannot use the same four-fold. What we 
constructed in section 13.21 was an elliptic fibration over a resolved conifold base with the torus 
fibers degenerating over (x, 9i), which means the D7/07 system extends along (r,y, z, #2)- To 
convert this into a spacetime filling D9/09 system, we would have to T-dualize along (x,9i), 
but Q\ does not correspond to an isometry of conifold geometries. We therefore need a different 
orientation of the F-theory torus. 

First we need to define the two directions along which we want to T-dualize. The logical 
candidates are among the directions (x,y,z), for the same reason we chose them in section O 
they are the isometry direction of the resolved conifold. But z is not an isometry direction of 
the manifold after transition (being a deformed conifold). So we would like to avoid T-duality 
along z and will T-dualize along x and y. We then need the D7/07 to extend orthogonal to the 
T-duality directions, otherwise they do not lead us to type I. 

In summary, we start again with a fourfold that is elliptically fibered over the resolved 
conifold base, but the fiber degenerates over (x,y). This has of course consequences for the IIB 
orientifold. We now consider 

IIBon {i,n(4y (5 ' 1} 

where B is the base that looks locally like a resolved conifold. This means, the branes are 
oriented as follows: 



D5: 0123----J/ 
D7/07 : 0123rz-6>i- 



After T-duality along x and y this turns into 



D5: 0123--X-- 
D9/09 : 0l23rzx6iy 



which is consistent with a type I scenario. 

There is a slight problem with this orientifold. The resolved conifold metric is not invariant 
under I xy \ Therefore, we have to project out certain components of the metric. Recalling the 
local metric of the resolved conifold base (I3.16P 

ds 2 = dr 2 + (dz + Adx + B dy) 2 + (dx 2 + dS\) + {dy 2 + dd\) 

we see that the dx dz and dy dz cross terms spoil the invariance under I xy . To eliminate them we 
have to "untwist" the z-fiber. However, the orientifold action does not require us to eliminate all 
terms from the z-fibration, we can keep those that are invariant under I xy , like dx 2 for example. 
We therefore make the generic ansatz 

ds 2 IIB = dr 2 + dz 2 + d 1 \dz x \ 2 + d 2 \dz 2 \ 2 (5.2) 
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with the two tori defined as (note that these are different tori than the ones in (|2.15p ) 



dz\ = dx + Tidy , dz-i = d0\ + T2 d02 ■ (5-3) 

This construction in terms of tori is especially convenient since it will preserve super symmetry 
(such toroidal orbifold models have already been considered in [119J). We see that when we 
define (recall that or 1 = 1 + A 2 + B 2 ) 

dt = (l + A) 2 , ri = ^-^2 (AB + ia- 1 ' 2 ) , d 2 = 1, t 2 = i (5.4) 

we obtain a metric that is precisely (|5,2p without the unwanted cross-terms 

ds 2 = dr 2 + dz 2 + (1 + A 2 ) dx 2 + (1 + B) 2 dy 2 + 2AB dx dy + d0\ + dQ\ . (5.5) 

We could generate a larger class of metrics that are related to this orientifold version of the 
resolved conifold by allowing more generic complex structures on the torifE The only choice we 
have to require for all of them is 

Rer 2 = (5.6) 

because the resolved conifold does not have any d0\ d02 cross term and we want our starting 
background before transition to be "close" to a resolved conifold. This will enable us to argue 
for the existence of a contractible 2-cycle. We could, however, also have taken the point of view 
that "untwisting" the z-fiber should remove all crossterms, also the dx dy term that comes from 
the z-fibration. This can be achieved by setting Re t\ = and we will also allow for this case, 
but keep in mind that r\ can in principle have both real and imaginary part. 

Note that the setup we chose is again a model with four 07-planes each with six D7~branes 
on top and we have a constant complex structure on the F-theory torus, or in other words a 
constant axion-dilaton in IIB. Not only is it constant, but actually zero, because D7 and 07 
charges cancel exactly, so we set as in [2] 

X » B = 0, «^ = 0. (5.7) 



Adding D5-branes to this background will simply act as a warp factor in IIB [43], i.e. a 
harmonic function H(r). Since we work in the local limit anyway, we can absorb this into the 
coordinate differentials as we did in section [3j 

At the orientifold point we can also make an ansatz for the B-field, which is invariant under 
Q(—1) Fl I xy if all its components have precisely one leg along the T-duality directions. We did 
not allow for any magnetic NS flux when we constructed the background in 13.21 so let us keep 
the assumption that there are no dx dz or dy dz components^!. Our ansatz will therefore be 

Bjjg = b xi dx A dOi + b yj dy A d6j , (5.8) 



51 Supersymmetry would then have to be restored by an appropriate choice of fluxes. 

52 The analysis of this section would not be influenced by allowing dx dz or dy dz components in the B-field. 
We would simply acquire also a z-dependent twisting of the T-duality fibers x and y. 
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where the coefficients can now depend on (r, z, 61,62), since we do not want to T-dualize along 
z anymore. With the same reasoning we also have to make an ansatz for the RR two-form: 

C\ IB = c\dx Adz + c 2 dx A d6\ + c 3 dx A d6 2 + c^dy Adz + c 5 dy A d9\ + c 6 dy A d6 2 ■ (5.9) 

The coefficients Cj are in general allowed to depend on (r, z, 61,62). This implies an RR three- 
form fieldstrength 

F xz i dx Adz A dd\ + F xz2 dx Adz A d6 2 + F yz \ dy Adz A d6\ 
+F yz 2 dy Adz A d6 2 + F rxz dr A dx A dz + F rx % dr A dx A d6\ 
+F rx2 dr Adx A d6 2 + F ryz dr A dy A dz + F ryl dr A dy A d6\ (5.10) 
+F ry 2 dr A dy A d6 2 . 

As in [2] we ignore the RR four-form for simplicity. 

In conclusion, we make the generic ansatz (|5.2[) for the metric and (|5.8p and (|5.10p for the 
fluxes for the IIB background at the orientifold point before transition. We will mostly focus 
on the theory at the orientifold point, which takes us to type I. But it will be interesting to 
compare the type I theory that we find after two T-dualities to the IIB theory we would have 
obtained if we had T-dualized the IIB background away from the orientifold point. They will 
have many similarities. But note that away from the orientifold point there are more allowed 
flux components. 

Similar remarks hold true for the background after transition, but here we have an F-theory 
fourfold that is fibered over a base which resembles the deformed conifold. We now want to 
find an orientifold version of this, too. We will start with the semi-flat limit we obtained from 
T-duality, because it does not have any dx dd 2 or dy d6\ crossterms that would not be invariant 
under I xy . In other words, we start with (|3.72p . but impose the values for as in (|3.74p . (|3.75p : 

i 2 

dz + a aADe 2<l} dx + a aBCe 2(f ' dy 

+q Di {dx 2 + C dd\) + a Ci {dy 2 + d6 2 2 ) (5.11) 
+2aQa 2 ABe 2<t> {d6 Y d6 2 - dxdy) , 

with the squashing factor £ defined in (|3.77p . At the danger of overloading notation we have 
introduced two other abbreviations 

d = C + a 2 A 2 e 2 ^ , and F> x = D + a 2 B 2 e 2 * (5.12) 

where C and D were defined in (|3.66[) and govern the size of the two S 2 in the non-Kahler 
resolved metric we found in II A after transition. With this definition the constant qo from 
(|3,66p becomes 

a = CiDx - a 4 e 4< ^ A 2 B 2 . (5.13) 

Again, this metric has unwanted cross terms in the form dxdz and dydz, but it can also be 
brought into the form (|5.2p after untwisting the z-fiber. However, the complex structures of the 
two tori will now be very different, in particular we find 

Rer 2 / but Ren = 0, (5.14) 



? IIB 



ds 2 



IIB 



dr + 
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which is exactly opposite as for the background before transition. The second of these relations 
might not be immediately obvious, but is simply due to the cancellation of the dx dy cross terms 
from the cfe-fibration with those from the last line in (|5.1ip . Again, we allow for quite generic 
values for t% (supersymmetry will fix them depending on the fluxes we choose), but we will 
always require Fieri = 0. Requiring (|5,lip without dxdz or dy dz cross terms to match with 

ds 2 = dr 2 + di \dzi\ 2 + d 2 \dz 2 \ 2 + d 3 dz 2 (5.15) 

gives the following values for the constants di and complex structures 

di = CT 1 , d 2 = Cao-Di, ^3 = (a C D e 2 ^)' 1 (5.16) 

a 2 ABe 2< ^ + i y^iLqC - a 4 A 2 B 2 e 4 ^ 

The B-field does not change under geometric transition, as we showed on our walk through the 
duality chain, see (13.80p . so also after transition we have (|5.8p . The orientifold action also allows 
for the same type of RR fields as in (]5.9p . We will also assume a vanishing axion-dilaton for the 
orientifold background after transition. 

Both of these backgrounds will now be T-dualized to type I, because the D7/07 system 
turns into spacetime filling D9/09 under T-duality along x and y, as explained above. This 
gives rise to non-Kahler backgrounds in type I due to the same mechanism that mixes B-field 
and metric as encountered in section [3j 

5.2 Non— Kiihler Backgrounds in Type I Theory 

Before geometric transition we find the metric after performing two T-dualities along x and y 
on (grip to be 

ds] = dr 2 + dz 2 + \dz 2 \ 2 - 2a AB (dx - bx9i d6i)(dy - b y0j ddj) 

+a(l + B 2 ) (dx - bxOi dO l ) 2 + a(l + A 2 ) (dy - b y6j d6j) 2 . (5.17) 

This metric has some by now familiar properties: we encounter the usual fibration structure, 
i.e. the fibers corresponding to the T-duality directions are twisted by the B-field. Therefore, 
this background will in general not be Kahler, since the derivative of these B-fields make the 
fundamental two-form non-closed. But there is one fundamental difference: we did not boost 
the complex structure of the (x, 9%) and (y,9 2 ) tori since this would lead to cross terms that 
are projected out by I xy and, moreover, we do not aim at regaining a metric that looks like a 
deformed conifold. We are not attempting to find the mirror manifold in IIA, therefore we do 
not expect to find a deformed conifold (or something close to it). So there is simply no reason 
why we should have to impose this non-trivial boost of complex structures. Furthermore, since 
we do not T-dualize along z we do not have to worry about isometries for this direction. This 
is a simpler scenario than the one considered in the type II theories in section [3j It is rather 
closer to the case considered in [72] in the sense that the B-field is completely "used up" , which 
it has to be since Bj^s is not part of the type I spectrum. 
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Therefore, we find an explicit realization of a non-Kahler manifold for string theory back- 
grounds in type I. This should still be a complex manifold [119^ QjZoJ^l, though, and we need to 
determine the precise value of the fluxes to ensure that the supergravity equations of motion are 
solved. So, let us finish the analysis of the type I background before transition by evaluating 
the RR fields and the dilaton. The type of background we consider, a toroidal orbifold with 
non-trivial complex structure, has already been studied in [1X9] . The complex structure will be 
fixed by the fluxes and one particular simple choice is the assumption that the RR and NS field 
strengths are constant (although Bns an d C 2 are not). This assumption was shown to be con- 
sistent with a metric of type (|5.2p where Re = 0, a choice which is possible for our orientifold 
setup. Under this condition, the following constraint is imposed on the fields [119] 1120] 

Bg?CSf = 0, (5.18) 

where [ , ] indicates antisymmetrization of all enclosed indices. This has important consequences 
for the RR field we find after T-duality. As derived in |119| . only those RR fields with one leg 
along the T-duality direction survive and we find for the RR three-form fieldstrength and the 
string coupling 

Fl = dyAdzA d6 2 + F^i dyAdzA dQ x - F^ dx Adz A dQ x 

-F**f dx Adz A d6 2 + dr A dy A dz + F^f dr A dy A d0 2 (5.19) 
+F%2 dr A dy A 6B\ - dr A dx A dz — F**f dr AdxA d6 2 
-F*$ dr AdxA 6B\ 

g 1 = e^' = y/a, (5.20) 

where F^ B are the components of the RR field strength we started with in IIB, see (|5.X0|) . Note 
that the string coupling is still a constant in our local limit, but it could in principle depend 
on (r, 0i,02) through a, if we leave the local limit. In any case, the dilaton does not vanish 
anymore. It is interesting that there is no B-field dependent fibration in the RR three form. 
This agrees with observations made in [1 19|. 1120] and is due to the constraint (|5.18p . Note that 
this was not the case for the IIA mirror, see equation (|3.26p for example, where the fibration 
structure is encrypted in the hatted coordinates. 

In type IIB, the RR fieldstrength Ff B and the NS fieldstrength Hfjg are related due to 
the linearized equation of motion [U [70] 

F* IB = +H%§ . (5.21) 

In other words we can fix 

FllfdrAdyAdz = d r c A (r, z, 6»i, 2 ) dr A dy A dz (5.22) 



: [{de 2 b x e 1 - d 9l b x e 2 ) dx A d6 1 A dd 2 



53 Non-complex manifolds in heterotic theory have been considered in |121| . for example. Our orientifold 
construction is similar to models considered in [119] , therefore we would expect it to yield complex manifolds as 
well. 
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and similarly for the other components, where we use the convention e rx v ze i s 2 _ This is 
completely analogous to the discussion following equation (|3.54[) . we will therefore not repeat 
it for all components. Let us simply state that this orientifold setup is much less restrictive 
than the one considered in section [3] and we can have more components of F$ and H^s turned 
on. This is due to the fact that we have more B-field components that are consistent with the 
orientifold action and that the coefficients are now also allowed to depend on z. Even requiring 
b x g i and b y $. to be functions of r only will not result in any of the c% to be forced to a constant. 

We would like to address the question if the background we derived here can indeed show any 
geometric transition, i.e. can we shrink the two-cycle the D5 branes are wrapped on and blow 
up a dual three-cycle with fluxes on it? To answer this question we can consider the type IIB 
metric away from the orientifold point. T-dualizing this gives another IIB background which 
turns out to be surprisingly similar to the type I we just derived. Since we know that IIB away 
from the orientifold point shows geometric transition (this is the original Vafa model), we can 
infer that the type I background does, too, since it is dual to this IIB background. 

Starting with the full IIB metric before orientifolding (|5,2p and the same ansatz for B^s as 
in (|5.8jl we would have found 

d&jiB = dr 2 + a dz 2 + \dz 2 \ 2 — 2a AB (dx — bxOi d6i)(dy — b y e j dOj) 

+a(l + B 2 ) (dx - bxOi dB { ) 2 + q(1 + A 2 ) (dy - b y9j dOj) 2 , (5.23) 

but now with non- vanishing Bns 

Bns = -olA (dx - bxOi dOi) Adz - aB(dy - by dj dOj) A dz , (5.24) 

which was to be expected because these are precisely the dx dz and dy dz cross-terms from the 
starting metric, so they turn into B-field components via Buscher's rules (jB.lip . We see that 
the only difference in the metric is a warp factor for dz 2 . In our local limit this is simply a 
constant and we can rescale 

z — ► z = \J~a z , (5.25) 

then the type I and type IIB metrics after T-duality agree completely. Since (|5.23p is dual to 
the IIB background that shows transition, we can infer that also the type I background (|5.17p 
has a two-cycle that can be shrunk and be exchanged for a blown-up three cycle. 

The dual background with blown up three-cycle is found by T-dualizing the orientifold 
ansatz after transition (|5.15p . The steps are the same as for the background before transition 
and pretty straightforward. There is no extra boost of the complex structures required. This 
brings us to the type I metric after transition 

dsj = dr 2 + (a CDe 2 ^)~ 1 dz 2 + (a D 1 \dz 2 \ 2 

+C (dx - b xi dOi) 2 + D(dy- b yj dBjf . (5.26) 

Again, the B-field is completely used up under T-duality. The RR fluxes will take the same 
form as in (|5.19p . although the precise coefficients may differ. The string coupling is evaluated 
to be 

g 1 = e <t> 1 = y/CD, (5.27) 
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which is not the same value we found before transition (|5.20p . but in the local limit both are 
constant. 

Again we want to compare this to the IIB background away from the orientifold point that 
we would have obtained after two T-dualities. This is done by T-dualizing (|5.1ip . which still 
has the dxdz and dydz cross-terms. After a little algebra one finds almost exactly the same 
metric apart from a warp factor for dz 2 , which turns out to be surprisingly simple 

ds 2 IIB = dr 2 + e- 2 ^dz 2 + (a (D + a 2 B 2 e 2<t> )\dz 2 \ 2 

+C (dx - b xi d6i) 2 + D(dy- b yj d9j) 2 . (5.28) 

After a rescaling 

z — ► z = (a CD)- 1/2 z (5.29) 

this agrees with the type I metric. The only difference is, as before transition, that this IIB 
background has a non-vanishing B^s field and we do not have to restrict the ansatze for the 
fluxes to be invariant under orientifold operation. But note that we have established a connection 
between the semi-flat IIB background after transition (|5.1ip with the type I background after 
transition (|5.26p . instead of considering the full IIB background (with restored cos(z) and sin(z) 
terms) . 

We can therefore conclude that the type I backgrounds constructed in (|5.17p and (|5.26p are 
transition dual. Let us repeat the argument: Each of the type I metrics is essentially identical to 
a IIB background which is T-dual to one of the IIB backgrounds discussed in section 13.41 The 
backgrounds in section 13.41 are transition duals because we found them by following the duality 
chain. If now one type I background is T-dual to the IIB background before and the other to 
the IIB background after transition, this implies that they are also transition duals. They are 
connected via an even longer duality chain than the one we followed in section O 

Both type I backgrounds are non-Kahler, because they are T-dual to IIB backgrounds with 
NS field. It would be interesting to confirm that they are really complex as anticipated in 
[2| lll9j . but we cannot show this conclusively if we only know the local metric. Again, we would 
require knowledge of the global metric of the F-theory fourfold to be able to extend this analysis 
to global backgrounds. 

5.3 Non— Kahler Backgrounds in Heterotic Theory 

As noted in the introduction, type I and heterotic string theory are related via a weak-strong 
coupling duality, so-called S-duality. It does not only exchange weak and strong coupling 
constant, but also RR and NS two-forms. This also means, that the sources for the RR two- 
form have to be turned into sources for .B/vs, i.e. D5-branes become so-called NS5-branes in 
heterotic string theory. Recall that heterotic strings cannot couple to D-branes. 

S-duality is generated by the SL(2, Z) element S in (|3.10p . Recall that it leaves the Einstein 
metric = e~^^ 2 g fJil , invariant and acts on the complex scalar field A = x + ^e - ^ as A — > — 1/A. 
For x = 0, S-duality simply relates to (in other words strong to weak string coupling) 
and exchanges NS and RR 2-forms. Since the axion x vanishes in our case and there is no NS 
field in type I, the S-duality rules read 

9uu = e-t'gL , <Phet = -fa , B h N et s = C{ , (5.30) 
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where indicates the string frame metric we have been working with so far. It is evident that 
S-duality maps the type I spectrum (which does not contain B^s since it gets projected out 
by Q, when constructing an unoriented closed string) to the heterotic SO (32) spectrum (which 
does not contain since it cannot couple consistently to D-branes). One can also show that 
under these replacements the type I and heterotic action are really identical [10] . 

We will now S-dualize the type I backgrounds (|5.17p before and (|5.26p after transition to 
obtain heterotic backgrounds. These will also be non-Kahler, so we construct heterotic string 
backgrounds with torsion. Those have been the subject of intensive study, see e.g. [331 133 11201 
1122] and references in [36], and it will be interesting to see how the new, non-compact models 
we discuss here, fit into the existing literature. 

Before transition, we find the S-dual of the metric (15. 17ft 



a~ 1/2 (dr 2 + dz 2 + \d X2 \ 2 ) - lyfaAB (dx - bxOt ddi){dy 
+Va (1 + B 2 ) {dx - bxOi dOif + ^/a (1 + A 2 ) (dy - b y0 . dO 



by 8j d6j 



(5.31) 



The torsion three-form and string coupling are found from (]5. 19]) 



H 



het 



Ft 



Aiet 



FHf dy A dz A d0 2 + F^f dy A dz A dQ x ~ dx A dz A 6B\ 
-Fylf dx Adz A d9 2 + F*™ dr A dy A dz + F^i dr A dy A d9 2 



?IIB 



IIB 



+F**2 dr A dy A 6B\ - F^f dr A dx A dz - F*y( 
-F**£ dr A dx A d0 x 



IIB 



Fll? dr AdxA d0 2 



(5.32) 



(5.33) 



After transition, taking the S-dual of (15.261) . we find 



dslet 



9 



het 



_ dr 1 + (aoCDe^y 1 dz 1 + ( a D 1 \d X2 \ 
V CD L 

— (dx - b xi dOi) 2 + J jj(dy ~ byj ddj) 2 



Vcd' 



(5.34) 
(5.35) 



This, together with a torsion three-form of the same type as (]5.32p . specifies the heterotic 
background we claim to be transition dual to the background obtained as the S-dual of the type 
I background before transition in (]5.3ip . 

Let us repeat the reasoning why we claim these backgrounds to be transition dual. We 
verified Vafa's duality chain to the extend that we found a IIB background that has the local 
structure of a deformed conifold after a series of T-dualities and an .M-theory flop. Trusting this 
duality chain means, both IIB backgrounds are actually transition dual. We then constructed 
type I backgrounds that are T-dual to an orientifold version of these IIB backgrounds. We also 
verified that the type I metrics are actually very close to IIB after two T-dualities away from 
the orientifold limit. Therefore, we can trust that those metrics in type I contain a contractible 
two- and three-cycle, respectively. Since the heterotic backgrounds possess the same metric as 
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the type I backgrounds (apart from an overall factor given by the coupling) they should also be 
transition duals. 

Both heterotic backgrounds have to fulfill a torsional relation to preserve supersymmetry 
|33j . With constant dilaton (as we have in the local limit) this torsional relation reads 

H het = *dJ (5.36) 

with fundamental two-form J. But the fluxes were already constrained in IIB by the linearized 
equation of motion (|3.54p . This implies the following chain of reasoning for the mapping of the 
fluxes from IIB to heterotic 

* «#) = Fi IB ^ H = H het = <dJ) , (5.37) 

where T-duality T xy along x and y imposes relations between the type IIB RR flux F$ IB and 
the type I three-form F% that can be read of from (|5.19p 

w iib _ P i w iib _ p 7 

r rx(z,l,2) — r ry(z,2,l) ' r ry(z,l,2) ~ r rx(z,2,l) 

F xz(l,2) = ~ F yz(2,l) ' F yz{l,2) = F L{2,1) ' (5.38) 

Note that the B-field components b x g i and b y $ j we start with in IIB appear at the end of the 
chain in heterotic theory in the metric and are contained in dJ. Therefore, this connection is 
highly non-trivial and might not always be consistent for an arbitrary choice of background 
fluxes. It means that there has to exist a complex structure on the heterotic metric that is 
compatible with the T-duality action on the RR forms. 

We can demonstrate this for a simple toy exampl^fll. We will make a quite restrictive ansatz 
for the fluxes and work strictly in the local limit where A, B, C, D =constant (and so are a, ao). 
Let us choose for the IIB RR two-form 

C\ IB = ci(r) dx A dz + c 4 (r) dy A dz , (5.39) 

which means there will be only two components in the RR fieldstrength. They are related to 
the IIB NS-field via the linearized equation of motion (|5.2ip and we find 

F^ z dr A dx A dz = *[(de 2 b y g 1 — de 1 b y e 2 ) dy A dd\ A dQ?\ 

= a\ (de 2 b y e 1 — de 1 bye 2 ) dr A dx A dz 

Fl y f dr Ady Adz = *[(d$ 2 b x 1 - de r b x e 2 ) dx A dQ\ A d6 2 ] (5.40) 

= a 2 (d 02 b xdl - d 9l b xd , 2 )dr Ady Adz , 

where the constants a\ contain the numerical factor due to the Hodge star operator * on the 
six-dimensional IIB metric (I5.5p . In order to fulfill the supergravity equation of motion we 
also have to ensure that the IIB NS field strength does not have any other components than 
those appearing in (I5.40p . This imposes the requirement that the components b x e i and b y $- 
are functions of (61,62) only and not of r or z. Under T-duality these fluxes turn into an RR 
three-form in type I: 

Fi = -FHf dr Ady Adz + F^f dr A dx Adz (5.41) 



4 This differs from the example considered in [2]. 
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which becomes H het after S-duality. The question now is: does a complex structure (or rather 
fundamental two-form) exist for the heterotic background that is compatible with this torsion 
three-form? 

There are of course many complex structures on the real six-manifold that is described by 
the metric (|5.3ip . One possible choice is to take the real vielbeins 

e 1 = a-VUr, e 2 = or 1 /* dz 

e 3 = a- l/A dd l , e 4 = or l,A \T 2 \d6 2 (5.42) 



e 5 = a" 1 / 4 \/ ((dy - b yi M-) + 72 (dx - b xi d9i)) 



1 + A 2 



e 6 = a~ 1/4 \j ((dy - b yi Mi) + 73 (dx - b xi d9.{)) 

with the coefficients 7, being determined by the metric to 

-AB ± a" 1 / 2 -AB^oT 1 / 2 
72 = l + A* ' 73 = 1 + A* ■ (5 ' 43) 



With the canonical choice of complex structure as in (j4.5[) the fundamental two-form becomes 

J = e 1 A e 2 + e 3 A e 4 + e 5 A e 6 = {Ji} bij =o + {^2} (5.44) 

where we have explicitely separated J into a B-field independent part J\ and a part that contains 
the IIB B-field components b x g i and b y Q j , given by J 2 ■ Since we work in the local limit 

dJi = (5.45) 

trivially. One might expect such a splitting to be always possible, since in the absence of any flux 
a Kahler background maps to another Kahler background under T-duality and only switching 
on NS flux creates torsion. This is of course correct, but a splitting of the fundamental two-form 
is only possible if we know the "right" complex structure on the Kahler manifold, in other words 
if we know the Kahler form. Not any choice of real vielbeins e« will lead to a closed J\. These 
issues have been discussed in section [H 

For the local limit this splitting is trivially always possible. But keep in mind that the choice 
(|5.42p with the complex structure imposed by J is by no means unique. We view this choice as 
an illustrative example. For the non-closed part we find 

J 2 = byi dx A dOi - b xj dy A dOj - (b xdl b y e 2 - b x e 2 by ei )d6i A d6 2 (5.46) 

up to an overall minus sign related to the sign ambiguity in 7^ in ()5.43|) . The torsional relation 
H het = *(dJ 2 ) then implies 

H^xl dr Adx Adz = *[- (dg 2 b x e x - dg 1 b x g 2 ) dy A d6 1 A d0 2 ] 

= -01 (dg 2 b xdl - d dl b x g 2 )dr Adx Adz 

Hyyl dr Ady Adz = *[(dg 2 b ydl - d dl b y g 2 ) dx A dOi A dB 2 ] (5.47) 

= a 2 (dg 2 b ySl - de 1 b y g 2 )dr Ady Adz 
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with all other components vanishing because bij does not depend on r or z. We have again 
included numerical factors to incorporate the Hodge star operator, they are exactly the same 
as in (|5.4(Jj) . We would like to match this torsion form with the type I three-form ([5.4ip . which 
requires 

TpIIB zrhet zrhet (r aq\ 

rxz ryz > ryz rxz ' l^O.^OJ 

Comparing F IIB given by the supergravity equation of motion in (|5.40|) and H het given through 
the torsional relation in (|5.47p . we see that the first and second identity require 

— a\ = 02 and a2 = — a\ , (5.49) 

respectively. The constants a\ and 02 are determined by the Hodge star operator, which is given 
on a six-manifold by 

* (dx^ A dx^ A dx^) = 1 \[\g\^ xii2Wi vxv 2 v i dx vi A dx U2 A dx V3 . (5.50) 

Since a\ is determined by £ yeie2 rxz , «2 is determined by t xei62 ryz and e y9ld2rxz = —e x9ld2 r y z , 
this seems perfectly consistent. We conclude that the choice of flux and complex structure in 
our toy example is consistent with the duality chain (|5.37p when a\ = —a<i- The precise value 
of a\ could be found from the metric (15.3ip . but we will not do so here. 

In summary, we found new non-compact, non-Kahler manifolds with local metric (|5.3ip and 
(|5.34p . that are related via S-duality to the type I backgrounds constructed in the last section. 
We argued the type I backgrounds to be transition duals, therefore also the heterotic non-Kahler 
backgrounds should show geometric transition. We demonstrated for a specific choice of fluxes 
that this background fulfills the torsional relation with torsion three-form (I5.32p . which was in 
turn related to the RR three form flux in the IIB orientifold. This IIB flux was also shown to 
fulfill the linearized supergravity equation of motion. 

We now turn to the question if we can find a global background that reduces in the local 
limit to the ones we constructed here. 



5.4 A Global Heterotic Solution 

One would, of course, like to leave the local limit. We cannot simply let the coordinates that 
we kept fixed vary, but if we find a global supergravity solution that reduces to the one we 
found in the local limit, then we can safely assume this as one possible solution for our global 
background. 

Let us therefore take a closer look at backgrounds that have some similarity with ours. There 
are two solutions that come to mind in IIB: The Klebanov-Strassler (KS) model [1] and the 
Maldacena-Nunez solution (MN) [73jfl. The full MN solution is only known after transition, so 
let us focus on that region and compare the two. 

Both models describe a gravity dual of the far IR limit of a gauge theory. In the usual 
gauge/gravity duality, the IR of the supergravity theory corresponds to small radial coordinate 
r, the UV to large r. Although the gauge theory after transition is already in the far IR (the 

55 The supersymmetry of these backgrounds has been shown in [83] and [77] . 



72 



confining phase), the dual supergravity solution is nevertheless valid at all scales^. We want to 
alert the reader to the fact that there are two different concepts of IR and UV: on the gauge 
theory side the UV is described by D-branes wrapped on a large S 2 , whereas the (far) IR is 
described by fluxes on a large S 3 . Both gauge theory phases have a supergravity dual, in which 
UV corresponds to large r and IR to small r. We will in the following only discuss a solution 
after transition, so when we distinguish between IR and UV it will always be in the supergravity 
dual side. The gauge theory is already in the confining phase. 

KS and MN both "flow" towards some version of the deformed conifold after transition. The 
geometry is different, in particular the MN solution does not have two spheres of the same size 
as KS does. Both models also have fluxes turned on, but in the MN case there is only RR flux 
(the reason being that they only start with D5 branes before transition, whereas KS start with 
D5 and D3, resulting in different solutions for the fluxes). So it seems that the MN background 
is well suited for S-dualizing it to a heterotic theory. We cannot do the same to the KS solution 
because its NS flux could turn into RR flux, which the heterotic theory does not contain. Also, 
the MN background seems closer to what we found after geometric transition in IIB, we also 
recovered two S 2 of different size. 

Let us therefore quote the MN background [73], which is after S-duality in heterotic 



= N dr 2 + — [dip + cos 6\ d<\>\ + cos 62 d<p2 
+ — (e 29 + a 2 ) [dOl + sm% d$) + — (d9\ + sin 2 c?i d$\ 



N 



(5.51) 



sm #2 

cos ip(d0id02 — sin 6*isin 62 dcfiidfo) + sin ^(sin 9\ d<f>\ d02 + sin 62 dfo dOx) 

with the definition (following the notation of [108]) 

2r 



Na 



a(r) 

The dilaton is given by 



sinh 2r ' 



e 2<7 _ 4r cot fr 2 r 



4T 2 



sinh 2r 



1 . 



o <7+2$ 



(5.52) 



(5.53) 



sinh 2r 

where $0 is some constant value that could for example be fixed from the U-dual background. 
The NS three-form for this heterotic background was found in [73] to be 



ttNS 
n MN 



with one-forms 



N 

T 



(uj 1 - A 1 ) A (to 2 - A 2 ) A (to 3 - A 3 ) 



J2^ a A (a; 4 - A 4 ) 

a 



(5.54) 



cos ip d9\ + sin tp sin 9\ d<t>\ 
— sin ip d0\ + cos ip sin 9\ dcfii 
dip + cos 9\ d<pi , 



A 

A 2 

A 3 



a d02 

—a sin #2 d(p2 

■ — COS 62 d(j)2 



(5.55) 



56 This is not quite true for the MN background, which is only valid at small r [108j . we will return to this issue 
later. 
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and the fieldstrength F is denned as F a = dA a + e abc Aj,A c . These one-forms are not quite 
the right vielbeins for observing the SU(3) structure of this background [108] . since it is not 
a conformal Calabi-Yau. (For the Ricci flat Kahler metric on the deformed conifold these 
vielbeins with the canonical complex structure would give closed two and three form, but not 
for a background with different size of the ($>i,0i) and [<p 2 ,9 2 ) spheres. Therefore, they will 
not produce the correct SU(3) structure for this non-Kahler background either.) We will return 
to the issue of the right complex structure when we discuss the torsional relation of the global 
heterotic background. 

If we want to compare this to our local background, we should also introduce local coordinates 
here. Let us define them as 

r = vq + r 

^ = (z) + z, 6i = (9 l )+9 i (5.56) 



n 



H) + ~ — 77TT > <h = {<h) + 



sin(^i) " sin(^2 

The local MN background is then found to be 

dslm = Ndr 2 + ^ (dz + cot (6>i) dx + cot (9 2 ) dy) 2 



+^ (e 2 ^ + a 2 ) [dOl + dy 2 ) + j (d9 2 + dx 2 ) (5.57) 
Na 



2 



cos (z)(d9id92 — dxdy) + sin (z)(dx d9 2 + dy d9 



We now want to compare this to the heterotic background we found after transition (|5.34p . 
It was given by 

ds 2 het = Aidz 2 + A 2 (dy -b yi d9i) 2 + A%(dx -b xj d9j) 2 + Ai\dz 2 \ 2 + A^dr 2 . (5.58) 

The coefficients could be read off from (|5.34p , but we can also leave them arbitrary to allow for 
a larger class of backgrounds. Recall that dz 2 = d9\ +t 2 d9 2 and dz\ = dx + T\ dy, where we had 
found that the IIB background before transition was characterized by Rer2 = 0, whereas after 
transition Reri = 0. We will now assume that we can consistently deform the background after 
transition in a way that converts both tori to square ones, i.e. also Rer2 = 0, together with a 
choice of B-field (these are the components of the IIB B-field before transition) 

BfJs = b x g 2 dx A d9 2 + b y6l dy A dQ\ . (5.59) 



This is a special choice of (|5.8p . which is consistent with our IIB orientifold setup. Supersym- 
metry will be restored by an appropriate choice of RR fluxes. The effect on the metric (|5.58|) is, 
after a little rearrangement, 

ds 2 het = Ai dz 2 + A 2 dy 2 + A 3 dx 2 + A 4 | dz 2 \ 2 + A 5 dr 2 

+A 2 b 2 ydi del + ^3 b 2 xd2 del - 2 b y9l dy d9 1 + A 3 b x e 2 dx d9 2 ) . (5.60) 

If this is to coincide with the local MN background (|5.57p . we have to impose a few requirements: 
we want the cross terms dxd9 2 and dy d6\ to have the same prefactor and we want the (x, 9i) 
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as well as the (y, 2 ) spheres to be unsquashed. This gives the following constraints on the 
coefficients and B-field 



A 3 



l r 2| 



Aa = A 2 



1 



\ T 2\ 



\T2\ by 9l 



(5.61) 



and converts our local metric (|5,60p to 



1 



A 2 

+A 5 dr 2 + Ai dz 2 . 
We now perform a local coordinate transformation 



(dy 2 + d8f) + 1 — j5 (dx 2 + d6» 2 ) - 2b y6l (dy d6i + dx d0 2 ) 

r 2 



(5.62) 



y — ► sin(z) y + cos(z) 9 2 
9 2 — > - cos(z) y + sin(z) 6* 2 
z — > z + cot(6*i) x + cot(^2) y • 



(5.63) 



which might remind the reader of a similar transformation in section [2l in particular (|2.25p . 
Then (|5.62|) becomes 



A 5 dr 2 + A\ {dz + cot(0i) dx + cot(6» 2 ) dyf 



+A 2 



(dy 2 + del) 



T 2 



(dx 2 + d0 2 ) 



(5.64) 



-2A 2 b y Q 1 [sin(z) (dy d6\ + dx d6 2 ) + cos(z) (d6\ d0 2 — dx dy)] 



Comparing this to the local MN background (|5.57p . we see that we can exactly match the two 
backgrounds with the following choice for the coefficients 



^1 = ^3 



As 
4 



N 

T 



A 2 



N(e 2 3 + a 1 



Aa 



Ne 2 9 
- 2 9 + a 



(5.65) 



This has consequences for the IIB B-field and the complex structure of the tori (since they are 
related to the coefficients via (|5.6ip ) 



B 



IIB 

NS 



dz\ 



adx A d0 2 + 



dx + idy , 



e 2 9 + a 2 



dy A d6i 



dz 2 



dO x + i Ve 2 5 + a 2 d9 2 . 



(5.66) 
(5.67) 



Note that the complex struture of the zi-torus was not fixed during the considerations here but 
remains the same as in (15.15p . the IIB orientifold ansatz after geometric transition. 

Thus, we have shown that with an appropriate choice of IIB B-field before transition and 
complex structure of the Z2-torus after transition in IIB, our solution coincides with the local 
limit of the MN background. Reversing this argument, we can also claim that the choice (I5.65P 
gives a valid global solution if we leave the local limit and allow our coordinates to vary, since 
then we recover the MN background, which has been shown to be supersymmetric |77| . But we 
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can even go beyond that and claim that the global heterotic background we find after transition 
is given in terms of generic coefficients A4 



as het 



= A5 dr 2 + A± [dip + aicos 6\ d(f>i + 61 cos 02 dcp2 
+A 2 (d9l + sin 2 2 d$) + A3 ( de\ + sin 2 0i d4>\ 



(5.68) 



cos tp(d0id92 — sin 0i sin 02 dcfridfo) + sin'0(sin0i d(p\ dQi + sin 02 d<f>2 d0\) 



where we have re-introduced global coordinates by reversing (|5.56|) . Although the MN back- 
ground was derived for the IR (small r limit) only [108J, our global solution should be valid 
in the UV (large r limit) as well, but we cannot use the identification (|5.65p there. The UV 
limit of MN was derived in [108] , and we will return to this issue shortly. The dilaton (ft for 
this background can be determined from the warp factors in the metric. The NS three-form (or 
torsion three-form) H would be given by the torsional relation [1231 1124] 



H = e 2<t> * d e' 2 ^ J 



(5.69) 



with fundamental two-form J. Note that the dilaton is not constant anymore, as anticipated 
in our local analysis, where it became obvious how metric components would give rise to a 
coordinate-dependent dilaton if we leave the local limit, see (|5.35p . 

We could in principle now evaluate (|5.69|) to find the generic three-form for our postulated 
global background. We will illustrate this in the example where the coefficients Ai match indeed 
the MN solution. As pointed out in [108] , the appropriate vielbeins are 



N dr . 
N 



N 



i 9 d6o 



{dip + cos 0i dcj>i + cos 02 d4>2) 



2 1 2 

^ v sin ip sin 6\ d(j)% + cos ip d6\ — a dO^) 
AT 

B e 9 sin 02 d(j>2 + -4.(cos ip sin 0i d<j)\ — sin ip d0\ + a sin 02 d(p2, 

A e 9 sin 02 d<p2 — £>(cos ip sin 0i d(p\ — sin ip d9\ + a sin 02 d<p2] 



(5.70) 



which give rise to the metric (15.681) with identification (|5.65p . The coefficients A and B satisfy 
A 2 + B 2 = 1 and are given aa 57 l 

A = coth 2r — 2rcsch 2 2r, 



B 



csch 2r y— 1 + 4r coth 2r — 4F 2 csch 2 2r . (5-71) 



We then make the canonical choice of complex structure where the fundamental two-form is 
given by J 



e 1 A e 2 + e 3 A e 4 + e 5 A e 6 . 



57 They play the same role as P and X introduced in section [4721 and stem from the generic ansatz made for the 
complex structure. Note that they also carry r-dependence only, the same assumption we used in section l4~2l 
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This amounts to 
J = 



N 

~2 

N 



dr A (dip + cos 0\ drfii + cos 02 dfa) 
N 



— — Asm 61 dd x A #1 - j (-.A 2 a + Ae 2g - 2Bae 9 ) sin 02 d02 A (i(/>2 

AT r ~ ~ ~ 

+ — (Aa + i3e 9 ) sin ip(d0i A (f# 2 - sin X sin 6> 2 #1 A d(f> 2 ) 
+ cos -^(sin 6*i d02 A <i</>i — sin 02 d0\ A (i^) 



(5.72) 



The background dilaton can be extracted from the warped metric or from |73l I77j . and is given 
by (|5.53p . With this dilaton one computes 



d^- 2 * J) = e 



-24> 



-2—3 dr A J + dJ ) . 
or 



The Hodge dual of this expression is most easily found in terms of vielbeins, since then 

1 



* (e ai Ae" 2 Ae" 3 ) 



3! 



-f 1 A e M2 A . 



(5.73) 



(5.74) 



We choose the orientation so that e 123456 = 1. Inverting (|5.T0[) and replacing the coordinate 
differentials by vielbeins one finds 
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This three-form is the torsion for our background (|5.68p with dilaton (|5.53p and coefficients 
(|5.65p . In terms of global coordinates (r,0i,(pi,ip) the torsion H is given by 
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with a! = da/ dr. It is easy to check that this matches precisely the MN three-form (|5.54p and 
therefore confirms our background to be a valid superstring solution. Moreover, in [3J it was 
shown how one can construct vector bundles for this type of backgrounds that are derived from 
F-theory. Their behavior under conifold transition was also studied there and we will not repeat 
the arguments here. 

The knowledge of a global heterotic solution that is consistent with our IIB orientifold setup 
now enables us to make some predictions for the global behavior of the IIB B-field b y g 1 and b x g 2 
and the complex structure of the Z2 torus as well. The global heterotic metric (|5.68p contains 
of course also the global IIB B-fields. It was obtained by connecting the local pictures in both 
theories and then using the similarity of the heterotic metric with Maldacena-Nunez [73] to 
obtain the global picture. In our case of interest, a background with only NS flux, we know 
MN to be a valid solution in the IR (for small r). Comparing (|5.68)) with the MN metric (I5.51|) 
determines SjvsEI- For small r 

b x e 2 = -l + \r 2 - l ^ + 0^) 

bye, = -l + ^-^ + Of? 6 ) (5.78) 

Near r — > both B-field components are constant as one might have expected. Having deter- 
mined the B-field we can also fix the Z2-torus, since they are related via (|5.6ip . The complex 
structure is given as 

| T2 |2 = i + V_32 ? 4 + 0(? 6 ) (579) 
6 45 

which tells us how the (^1,^2) torus varies as we move along the radial direction. In fact, near 
r — > 0: T2 = z I T2 1 = i which, along with t\ = i, completely specifies the IR (small r) behavior in 
IIB. 

The discussion in [73] does not extend to the UV regime. Here we can rely on the analysis 
of |108| which embeds the MN background in a class of interpolating solutions between MN and 
KS. Using their results we can obtain the large f behavior of the B-fields (the small r behavior 
agrees with that from MN): 

b x e 2 = -2e~ 27 + a m (27-l)e- 1J f - l a 2 nv (2r - l) 2 e'^ +0(e" 6F ) 

b y9l = -2e~ 2?r -a uv (2r-l)e- 1J f -^al v (2?-l) 2 e-^ +0(e' 6 n (5.80) 



3 One could as well solve the heterotic equations of motion (see also [108] ) 
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where a uv = — oo corresponds to MN in the interpolating scenario. The complex structure then 
results in 

|r 2 | 2 = l + 2e- 4f -a uv (2f- l)e"^ + ^a 2 uv (2? - l) 2 +0{e~^). (5.81) 

Notice that for r — > oo the IIB S-fields vanish and the complex structure approaches again 
T2 = i and t\ = i. 

This finalizes the study of the global heterotic background (|5.68p . With a different defor- 
mation of our local background (|5.58p we can also propose a global IIB metric. The heterotic 
metric is essentially the same as that for the IIB orientifold after two T-dualities. In [3] it 
was shown that we can also obtain the same local limit as the N = 2 background studied in 
[125] . This strongly suggests that the manifold we obtained admits an M = 2 supersymmetric 
solution and only fluxes break supersymmetry to N = 1. (Recall that in IIB fluxes only act as 
an overall conformal warp factor, which is not visible in local coordinates, there we can always 
absorb a warp factor into the coordinate differentials.) This is precisely the scenario discussed 
by Gopakumar and Vafa [65, 5j. Therefore, although we do not exactly recover a (conformal) 
conifold in the strict sensqfj, we still seem to have recovered a valid string theory background 
at the end of the duality chain in IIB. 

Let us summarize the accomplishments of this section. We found non-Kahler backgrounds 
in type I and heterotic theory that are T- and U-dual, respectively, to (an orientifold of) the 
Kahler IIB backgrounds constructed in section [3j This means, they are part of a long duality 
chain that eventually relates them via a flop in .A/f-theory. To our knowledge, these backgrounds 
provide the first attempt of constructing geometric transitions in heterotic (or type I) theory. 
It would be very interesting to study the effects on the underlying gauge theory and to find an 
interpretation in topological string theory. We will comment in the next section on the challenges 
that non-Kahler manifolds pose in this context. 

Furthermore, although most of this work only describes backgrounds in the local limit, we 
were able to propose a global extension for the heterotic background after transition by using 
a similarity with the Maldacena-Nunez solution. We suggest that a larger class of heterotic 
solutions is possible by leaving the coefficients Ai in (|5,68p generic, but we confirmed the torsional 
relation for the case where they match with the MN solution. In general, they will be determined 
by the torsional relation, where the torsion three-form is given in terms of the U-dual IIB RR 
form, as illustrated in (|5.37p . We provided a (local) toy example in which all fluxes were 
consistent with this logic. 



59 Recall that our "walk through the duality chain" in section [3] led us to a metric that resembles a deformed 
conifold, but had two different sized S 2 and one of them was "squashed", for example. 
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6 Conclusion and Outlook 



6.1 Summary 

The purpose of this work was to verify Vafa's duality chain, to discuss mirror symmetry with NS 
flux on conifold geometries and to propose new non-Kahler backgrounds that are also related 
by a geometric transition in IIA, type I and heterotic SO(32). 

We started in section [2T21 by showing how resolved and deformed conifold are approximately 
mirror to each other, although they do not possess the same number of isometries. As anticipated 
by Strominger, Yau and Zaslow, we had to employ a "large complex structure limit" and could 
only recover a semi-flat version of the deformed conifold, i.e. one that does indeed have the 
same number of isometries as the resolved conifold. We argued that the typical deformed 
conifold metric could be restored with a special coordinate transformation. This assumption 
relied on our use of local coordinates and might not hold true in a global scenario. The use of 
local coordinates also enabled us to hold the T 3 fiber coordinates fixed and boost the complex 
structure "by hand", such that the T-duality fiber becomes small compared to the base. The 
fact that resolved and deformed conifold are only mirror to each other in the limit when both 
resolution and deformation parameter become small could also be observed in this local limit. 
But we do not believe this to hold globally, since the large complex structure boost we perform 
alters the manifold non-trivially. In the local limit, however, this boost can be interpreted as a 
trivial coordinate redefinition. 

It should nevertheless be clear that globally the mirror of the Calabi-Yau resolved conifold 
is not the Calabi-Yau deformed conifold, as was pointed out in |67} [5], but the metric we found 
resembles the local limit of a deformed conifold. 

Equipped with the established mirror symmetry between a local resolved and a local de- 
formed conifold we determined the influence of NS-flux on this picture. In accordance with 
the literature on this topic we found a non-Kahler manifold as the mirror of the local resolved 
conifold. This mirror manifold has nevertheless close resemblance to the local deformed coni- 
fold. The only difference is that the T 3 fibers acquire a "twist" by the B-field. Although this 
seems very close in spirit to the half-flat manifolds found in [72] , we argued in section 12.41 that 
this manifold which we call "non-Kahler deformed conifold" is not half-flat. There are several 
resolutions to this discrepancy. First, the half-flat manifolds from [72J do not only admit a 
half-flat but also a symplectic structure, which is in agreement with other observations [92] that 
IIA backgrounds should always be symplectic. This fits perfectly with the torsion classes for our 
backgrounds that were computed in section HI We demonstrated that the local IIA non-Kahler 
backgrounds we constructed do not admit a half-flat but a symplectic structure. 

Another difference to the half-flat models is that our mirror background does not lift to a 
purely geometric solution in .M-theory and does therefore not exhibit G2 holonomy, but only a 
G2 structure. There are additional fluxes turned on, as we showed by explicitely T-dualizing a 
IIB background which looks locally like a resolved conifold, but was constructed from F-theory. 
This F-theory setup implies that we actually T-dualize an orientifold. Nevertheless, the resolved 
conifold metric is completely invariant under the orientifold operation we constructed in section 
13.21 We also made a generic ansatz for the fluxes which are allowed on this orientifold and 
used this background to "walk along Vafa's duality chain" in sections 13.31 and 13.41 It turned 
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out that the mirror metric was also perfectly consistent with an orientifold in IIA. The "non- 
Kahler deformed conifold" we find under mirror symmetry with NS flux was invariant under the 
combined action of the IIB orientifold and three T-dualities. 

We showed beyond any reasonable doubt that Vafa's duality chain figured] should be modified 
for a full supergravity background that will necessarily include NS and RR flux. NS flux modifies 
the mirror symmetry between two Calabi-Yaus. Even if we do not start with a Calabi-Yau (since 
the base of the F-theory setup constructed in section 13.21 is only conformally Kahler) we find 
a mirror geometry that has a T 3 fibration which is twisted due to the -Bats field. We therefore 
proposed a modification of Vafa's duality chain in section [3] that can be pictured as in figure El 
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Figure 3: The duality chain proposed in section [3l The backgrounds in IIA have to be replaced 
by non-Kahler versions of deformed and resolved conifold and the .M-theory lift does not possess 
G2 holonomy anymore. 



The two non-Kahler backgrounds are related via a flop in A^-theory and therefore transition 
duals. We also showed that away from the orientifold point we can have flux components turned 
on that lift to a closed 3-form in A4-theory which is oriented along the 3-cycle that shrinks 
under the transition. This 3-form makes the flop a smooth transition, since it can be interpreted 
as the imaginary part of the complexified volume of the three cycle. Even if the cycle shrinks 
to zero, there is no singularity because the imaginary part remains finite. 

The consistency of our calculations can be argued from the fact that we do indeed recover 
a Kahler background at the end of the duality chain in IIB. It resembles the local version of 
a deformed conifold. We furthermore showed that the fluxes do not change during the flop 
tansition, but the two-cycle that the D5-branes wrapped before transition was shrunk and a 
dual three-cycle blown up. This has to be true since the flop in A4-theory was performed such 
that resolved and deformed geometry are exchanged (which implies the exchange of blown-up 
two and three cycle, respectively). 
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Moreover, our F-theory setup also allowed us to introduce additional D7-branes in IIB (D6- 
branes in IIA) that lead to an additional global symmetry for the underlying gauge theory. 
We constructed flavor groups in SU(2) ie . But as long as we are far away from the orientifold 
fixed points, these flavors are heavy and the effective low energy theory is pure M = 1 SU(N) 
Super- Yang-Mills, as in Vafa's scenario. Nevertheless, it would be interesting to determine the 
effect of the additional branes on the superpotentials. 

In section [5] we left Vafa's duality chain and considered a new duality chain that took us to 
type I and heterotic SO(32), see figure[2j We had to consider a different F-theory setup, because 
T-duality of a IIB orientifold can only lead to type I if the T-duality directions are orthogonal 
to the orientifold planes, such that one obtains spacetime filling orientifold planes. This second 
F-theory setup led us to consider an orientifold action that does not leave conifold geometries 
invariant. We had to project out certain components of the metric. What we constructed was 
essentially a toroidal orbifold. We could nevertheless argue that the type I and heterotic metrics 
also possess contractible two- and three-cycles and should therefore be transition dual. The 
reason we believe this to be true is that performing two T-dualities on the full IIB background 
(without projecting out certain components of the metric) produces almost exactly the same 
metric. Since the IIB backgrounds are related via a geometric transition (as shown in section 
[3|), also the type I and heterotic backgrounds from section [5] should be transition duals. They 
are connected via a very long duality chain to a flop in .A/f-theory. 

This interpretation is of course not as rigorous as the one for the type II backgrounds, since 
we considered different orientifolds in section [3] and The gauge theory interpretation and 
topological string analysis still remain unclear. 

Let us also mention that the IIB supergravity equations of motion and the torsional constraint 
in heterotic pose serious constraints on the IIB RR and NS flux. We constructed a toy example in 
section [5^31 for which these relations can be fulfilled and be consistent with the relation imposed 
by T-duality. 

Finally, we were also able to leave the local limit which was imposed on us throughout this 
work by the lack of the metric on the F-theory fourfold. We only know the local metrics on the 
baseqfj. However, there are known globally valid backgrounds on conifold geometries in IIB. 
We exploited the fact that the Maldacena-Nunez (MN) [73] background can be S-dualized to 
heterotic theory and fulfills the torsional relation. We showed that their metric reduces in the 
local limit to the one we found in heterotic after transition (with an appropriate choice of B- 
field and complex structure in our IIB backgrounds). Therefore, we argued that we can reverse 
this argument and postulate the MN background as one valid global solution for our heterotic 
scenario. We proposed a more generic background in which the coefficients would have to be 
fixed by imposing the torsional relation. 

60 It should also be clear after the discussion in section [2] that we have to work in the local limit if we want to 
follow Vafa's duality chain. We can only find a mirror in IIA that has some resemblance with a deformed conifold 
if we work with local coordinates in the semi-flat and large complex structure limit. For the heterotic duality 
chain there is no such restriction. 
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6.2 Outlook and Remaining Open Questions 

The calculations presented in this article raise (at least) four immanent questions. Can one 
find a global solution in IIB and repeat the analysis for the type II duality chain (and for the 
heterotic chain as well)? How does the open/closed duality argument based on topological 
string amplitudes that Gopakumar and Vafa [65J gave for Calabi-Yaus need to be modified for 
the non-Kahler backgrounds we constructed in IIA? What is the interpretation of the geometric 
transition in heterotic theory? What are the implications for the resulting gauge theory, can one 
for example compute its superpotential? We will address these issues and a few other remaining 
problems in this section. 

Global Solutions 

As already pointed out several times, we lack the global metric for two reasons. First, there is 
no known supersymmetric solution of D5-branes on the resolved conifold. Attempts on solving 
the supergravity equations of motion [76] have not been successful (the solution violates the 
primitivity condition for the fluxes [83]). Second, we use an F-theory fourfold that contains the 
resolved conifold as its base to gain a supersymmetric setup and to introduce "flavor branes". 
We would need to find the global metric of this fourfold, which is in general very hard. The 
F-theory base will furthermore contain singularities at the points where the F-theory torus 
degenerates. We also used the local metric to ensure we work in a patch that does not have 
these singularities. 

But let us assume we had a global supersymmetric solution of D5-branes on the resolved 
conifold. If we wanted to find the global mirror of this manifold we would want to apply SYZ 
and perform three T-dualities. The discussion in section 12.21 should have made it clear that 
simply T-dualizing the resolved metric does not produce the deformed conifold. We needed to 
impose a non-trivial boost of the complex structure of the resolved conifold metric. In a global 
setup, this boost (which was given by the large functions /i 2 in (|2.16p ) will be a function of 
the base-coordinates (the solutions found in (|2.23ft contain a, which would in general depend 
on the coordinates (r, 61,62), if we had not worked in the local limit). This means, it cannot 
be interpreted as a coordinate transformation, but it has a non-trivial influence on the complex 
structure of the manifold. Effectively, we want to shift (compare to (|2.16p ) 

d$i -> (l + ifi)ddi, (6.1) 

which might not always be integrable, depending on the specific value /j takes in a global 
framework. One would therefore have to make sure that the background after this non-trivial 
boost of the complex structure still fulfills the supergravity equations of motional 

As already pointed out towards the end of section [272]. one could T-dualize the global resolved 
conifold metric without any non-trivial boost, since it possesses three isometry directions. The 
result will be another Calabi-Yau with T 3 fiber, but it will not be the deformed conifold. If 
we want to confirm Vafa's duality chain we have to take the limit where resolved and deformed 

61 In a global setup one would also see (x,9\) and (y,02) as spheres and not tori. This would require a different 
approach to make the T 3 fiber large, but a boost of the directions should still be possible. One just has to 
ensure that this boost also produces dx d8i and dy d8 2 crossterms. 



S3 



conifold are actually mirror, meaning where both resolution and deformation parameter are 
small. We argued in section 12.21 that one possible way to do that was given by using local 
coordinates. It would be interesting to find out if one can also realize the mirror symmetry in 
this limit with a global setup, but the simple fact that the mirror of the resolved conifold lacks 
the d6\ d#2~cross term, which is typical for the deformed conifold, seems to forbid that. 

So, not only do we lack a global solution from a supergravity viewpoint, but it is also unclear 
how one could verify Vafa's duality chain with a global metric. Three T-dualities on a global 
resolved conifold will not take us to a global deformed conifold unless we find some other method 
to stay close to the transition point than the large complex structure limit proposed here. In 
our analysis, to establish the mirror symmetry between resolved and deformed conifold, we were 
literally forced into the local limit. 

If we want to follow the heterotic duality chain we do not aim at finding the deformed conifold 
metric. Therefore, we can T-dualize a IIB metric without any non-trivial manipulations to 
its complex structure. This means, if we knew a global IIB solution we could find a global 
heterotic solution under U-duality. There is one problem, though: we need an orientifold of 
IIB, otherwise two T-dualities will only return us to IIB and not lead to type I. In the local 
setup we simply projected out metric components that were not invariant under the orientifold 
action. The resulting metric took the form of a toroidal orbifold, which seems promising in 
terms of admitting supersymmetric solutions |119j . Nevertheless, for a global solution we should 
carefully check whether supersymmetry is preserved under this projection. But this side of the 
story seems to face less difficulties that the type II duality chain. 

Topological Models 

Let us assume we had global solutions in type II and heterotic, or at least we had some global 
information about the manifolds. Which global information do we need precisely to define a 
topological sigma model (see appendix IC.lj) and topological string amplitudes on these back- 
grounds? 

We discuss the IIA case first. Our observations here will be closely linked to generalized 
complex geometries (GCG) [88^ 189] . The goal would be to repeat the arguments from [65] 
that are summarized in appendix IC.3I One would like to show that the open string partition 
function (describing D6-branes on the "non-Kahler deformed conifold") agrees with the closed 
string partition function (describing flux on the "non-Kahler resolved conifold"). 

Our case differs from |65j because we consider non-Kahler manifolds. As shown in [126] 
and reviewed in appendix IC.ll one can construct a (2,2) supersymmetric sigma model on a 
non-Kahler target if H ^ and the target manifold is bi-Hermitian, i.e. it admits two complex 
structures and the metric is Hermitian w.r.t. both of them. This is also the data required to 
define a generalized Kahler structure [89], see appendix I C . 41 for a brief introduction to generalized 
complex geometry. It has furthermore been shown that any other extension of (2,2) sigma 
models, e.g. with semi-twisted chiral superfields, also requires a generalized Kahler target [95] . 
We therefore come to the first conclusion that the global IIA manifolds need to possess a bi- 
Hermitian or generalized Kahler structure. In GCG a generalized Kahler structure is defined 
by two commuting generalized complex structures (this does not mean that the two complex 
structures of the bi-Hermitian structure commute). 
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It has then been shown by Kapustin and Li [90], see also appendix lC.5l that one can define a 
topological sigma model for generalized Kahler targets, if the manifold is generalized Calabi-Yau 
w.r.t. to one of the generalized complex structures. Then the topological observables depend 
only on the cohomology of this generalized complex structure, but not on both. 

If we wanted to use their results to compute the string partition functions we would have 
to identify a generalized Kahler structure on the global IIA manifolds. With the knowledge 
of the global background one could repeat the torsion class analysis from section [4] to find out 
what type of non-Kahler manifold we constructed. If it turns out to be symplectic also globally, 
it cannot be generalized Kahler, because there exists only one generalized complex structure 
on a symplectic manifold, it is of the type (|C.53|) . So far, there is no direct relation between 
the torsion classes generally used to classify non-Kahler backgrounds and generalized complex 
structures. It would be fascinating to discover a relation between both formalisms. Promising 
attempts in this direction seem to be to relate the fundamental two and three-form (the objects 
used for torsion classes) to pure spinors (objects in GCG) [92]. Both approaches have been used 
to derive supersymmetry conditions, either in terms of torsion classes [1091 HH] or in terms of 
pure spinors [92]. It should be possible to find a mapping between those criteria. 

The question we have to answer is: Can T-duality with B-field convert our IIB background 
into a generalized Kahler background in IIA? This should be the case if our IIB background 
was Kahler with H = and described by a (2,2) supersymmetric sigma model (the assumptions 
made by Gopakumar and Vafa [H [65]). If we then find a mirror that is non-Kahler and has 
H 0, there should still exist a (2,2) supersymmetric sigma model, because T-duality preserves 
supersymmetry. Therefore, this manifold would have to be generalized Kahler. 

But this is not the case we constructed. First, our IIB starting background has non-trivial 
H. For a (2,2) sigma model to exist, the manifold would have to be non-Kahler with torsion H 
precisely as outlined in [126] . There would have be two Hermitian complex structures that are 
covariantly constant w.r.t. to two different torsional connections. The arguments in [3] suggest 
that the base of the F-theory fourfold is actually Kahler and only acquires a conformal warp 
factor due to the D5-branes. We would have to find out if a conformal factor changes the metric 
in such a way that it allows for a bi-Hermitian structure. The impact of a conformal rescaling 
on the torsion classes has been considered in [lllj . For a conformal Kahler manifold only W4 
and W5 can be non-zero. This tells us the intrinsic torsion of the manifold, it remains to be 
seen if this gives rise to two complex structures (invariant under two torsional connections) such 
that the metric is Hermitian w.r.t. both of them. 

Furthermore, consider the mirror we find in IIA. On a global manifold we do not want to 
impose the non-trivial boost of the complex structure, because we do not know if it preserves 
supersymmetry. If we did not boost the complex structure, we would not find a B-field in the 
mirroj 62 !. Recalling equation (|2.37p . we see that the B-field scales with the large function /j, 
without the complex structure boost there would not have been any B-field (we can also adopt 
the point of view that this B-field is merely a large complex structure artefact which vanishes 
when we leave the large complex structure limit). But that means we would find a non-Kahler 
target with H = 0. There is no (2,2) sigma model for this case. 

62 This is a feature for all mirror symmetries with only electric NS flux. If the B-field has one leg along the 
T-duality directions it will be converted into metric. If the metric does not possess any "electric" (in the same 
sense as above) cross terms, then no new B-field will be generated. This is the same as the case discussed in [72] . 
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There seem to be only two explanation for this puzzle: either the manifold will still admit a 
Kahler structure although it has a non-trivial B-field fibration (but that seems unlikely, if we 
were not able to find one in the local limit, it will in general be even harder on a global metric) 
or we have to modify our arguments due to RR flux. 

A type II string theory background in the absence of any flux requires a Calabi-Yau manifold 
to preserve Af = 2 supersymmetry in four dimensional. Turning on only NS flux will make 
the manifold in general non-Kahler and we are in the sigma model framework of |126j . If we 
have RR flux turned on, the manifold can still be non-Kahler even if the NS flux vanishes. 
But this does not fit into any sigma model framework. It is still completely unclear how to 
incorporate RR flux into a sigma model. The argument by Gopakumar and Vafa [3 [65] rested 
on the assumption that the Calabi-Yau would be modified when fluxes are turned on but that 
the topological analysis remained unchanged. They treated the fluxes as a perturbation that 
created the superpotential, but did not influence the topological string amplitudes. They even 
argued that the topological amplitudes do not depend on RR flux. 

This seems to clash with our considerations above: turning off the NS field should give a 
Kahler target based on sigma model arguments, but it will not in general do so as RR flux can 
still warp the manifold in a non-trivial way. It might be true that RR fluxes do not influence 
the topological amplitudes, but since they influence the target manifold, they should still dictate 
the sigma model. 

To bring all these different observations together and resolve above puzzles will have to be 
left for future work. Independent of the questions we raised here, it would be of great interest 
to find a way to include RR flux into sigma models. 

Our interest into GCG goes beyond its connection to sigma models. For example, one would 
like to make a connection between B-field transforms in GCG and T-duality with B-field. An 
ordinary complex structure gives rise to a generalized complex structure on the direct sum of 
tangent and cotangent bundle T © T* , which is of type (|C.52p 



where J is a complex structure in the usual sense on T. The B-field transform of this generalized 
complex structure is found to be (|C.57P 



Note that in this case only the (0, 2) component of the real two-form B has any effect. B- 
field transforms of complex structures are always block-lower-diagonal, an observation used in 
[91j . This actually seems to indicate that only a B-field transform a.k.a. T-duality with non- 
vanishing magnetic part of the NS flux leads to GCG (generalized Kahler) but not T-duality 
with only electric NS flux (i.e. (1,1) part) as in our case or in |72j . 

The analysis in [91] dealt with T-duality "in all directions" on a six torus which leads from 
IIB to IIB. The situation might be different when one considers an odd number of T-dualities 
going from IIA to IIB. Furthermore, it has been noted that T-duality with magnetic NS flux 

63 The D-branes or fluxes break another 1/2 of the supersymmetry. 




(6.2) 




(6.3) 
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leads to non-geometric solutions [85|, [86l I87| , Usually, one thinks of geometric quantities as 
sections of bundles associated with the frame bundle that transform from chart to chart under 
diffeomorphisms. In string theory, the symmetry group is larger than diffeomorphisms. There 
may exist a more general SO(d, d) valued transition, this will for example mix metric and B-field, 
making them not well-defined separately. This is what [851 1ST] mean by "non-geometric" . 
It seems, Kapustin [91] claims these non-geometric backgrounds are realized as GCG under 
T-duality with magnetic B-field, but T-duality with only electric NS field would not lead to 
GCG. 

As elaborated in appendix IC.41 holomorphic 3-forms and symplectic 2-forms play an im- 
portant role in GCG (they are related to pure spinor line bundles, see t|C.54j) ) . This is also 
reminiscent of topological string theory and might hint to a deeper connection. There has been 
a series of papers which connects string theory backgrounds to the notation of pure spinors 
developed in the mathematical framework [92]. It has further been noted that mirror symmetry 
seems to have an interpretation as the exchange of these two pure spinors [93] and that GCG 
provide a good framework for compactifications on manifolds with SU(3) x SU(3) structure |94j . 
It is therefore our believe that GCG will help us to understand many properties of string theory 
that we were so far not able to describe properly. 

Heterotic Interpretation 

Heterotic string theories are based on closed strings only. So, how would one interpret a geo- 
metric transition, which is an open/closed duality in type II, for heterotic strings? 

We already pointed towards one interpretation as a brane/flux duality. Since under S- 
duality D5-branes become NS5-branes, we can consider the heterotic geometric transition to be 
a duality between a background with NS5-branes and a background with only NS flux, see figure 
[5J This is of course a target space perspective. To be able to say anything about topological 
heterotic strings one would need to find a sigma model that describes supersymmetry for only 
the right movers, i.e. with (0,2) supersymmetry, and find a way to perform a twist that renders 
the theory topological. Such "half twists" (of the right moving sector only) have been considered 
[1271 11291 H30[ 1131] , but it is not clear under what circumstances one can obtain a topological 
theory. 

In [3] we suggested a (0,2) sigma model by starting with the (2,2) supersymmetric sigma 
model (IC.lj) and breaking supersymmetry for the left movers explicitely. We added non- 
interacting fields only in the left-moving sector. This breaks the left moving supersymmetry, 
and one might therefore hope to obtain an action for (0,2) models from the (2,2) model, at least 
classically. On the other hand, a possible (0,2) action is also restricted because this will be the 
action for heterotic string. It turns out, there are few allowed changes one can do to find the 
classical (0,2) action from a given (2,2) action, see section 3.1 in [3] for details. 

The half-twist is performed only to the right moving sector of the sigma model. This 
was presented first in |127j . In the future we would like to understand the Chiral de Rham 
complex CDR and the chiral differential operators CDO [128] in more detail, since they have 
emerged as the relevant mathematical objects for (half-)twisted conformal field theories [1291 
1131] . Constructing a (0,2) topological sigma model with and without NS5-branes would be very 
fascinating, not only under the considerations we raised within this article. 
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Gauge Theories and Superpotentials 

We already commented briefly on the dual gauge theory of our supergravity backgrounds in the 
end of section 13.21 Since we introduced additional D7-branes in IIB with our F-theory setup, 
there will be an additional global symmetry for the gauge theory. We argued that we find a 
global symmetry group SU (2) 16 both in IIA and IIB. This was due to the fact that in IIB every 
orientifold fixed point contributes four D7-brane giving rise to an SO (8) that is broken by Wilson 
lines to 50(4) x SO (4) ~ SU(2) 4 . This is consistent with the IIA orientifold that contains eight 
fixed points, each accompanied by two D6-branes. The symmetry group generated by eight 
stacks of D6 is therefore S'0(4) 8 ~ SU (2) 16 . Apart from these "flavor branes" there are also the 
usual N D5 (in IIB) or D6 (in IIA) that carry an SU(N) gauge theory on their worldvolume. 
Both IIA and IIB setups give rise to an SU(N) gauge theory with flavor in the fundamental 
representation of <Sf/(2) 16 . Possibly more interesting global symmetry groups can be generated 
by considering a different distribution of the F-theory 7-branes. In |102j it was shown that one 
can even construct the exceptional gauge groups Eq , £7 and Eg , which are of particular interest 
for Grand Unified Theories (GUT's). 

One of the remarkable results from [5] was to show that the flux generated superpotential 
does indeed agree (in lowest order) with the Veneziano-Yankielowicz superpotential for Super- 
Yang-Mills (SYM) theory. This superpotential has actually obtained corrections from field 
theory \62\ [63] as well as from string theory [64J considerations. One question we would like 
to address is whether generalized topological models (taking the non-Kahler structure of the 
target manifold into account) might be better suited to reproduce these corrections. 

Furthermore, we would like to address the additional global symmetry. The field theory 
analog to Veneziano-Yankielowicz for an SU(N) theory with matter is given by the Affieck- 
Dine-Seiberg superpotential [132], see also [133j for a review. It would be interesting to see if 
we could reproduce this superpotential or if we would find an extension to it when including the 
flux due to D7-branes. We would need the precise supergravity solution to see which fluxes are 
actually turned on. In our setup, the charge of the D7-branes is immediately cancelled by the 
orientifold planes. We would have to move the orientifold planes away from the flavor branes to 
observe their effect. This would lead to non-perturbative corrections. 

Flux induced superpotentials have been studied in [38l 11341 1135] . In IIA, the part generated 
by RR flux would be 

Wfi% = J (F 6 + J A F 4 + J A J A F 2 + F J A J A J) . (6.4) 

Allowing for NS flux leads in general to a complexification of the fluxes [5], so that one finds in 
addition [721 Q] 

WjiI = /( J + iB Ns) A (F 4 + ie~* dSl) , (6.5) 

where <j> is the dilaton as usual. Note the explicit dependence on dQ.. In [72] only the real part 
of Q was non-closed, but since we find manifolds with both real and imaginary part non-closed, 
it was conjectured in [I] that the full d^ 2 ' 2 ^ will contribute to the superpotential in this way. 
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Similar remarks hold true for IIB. For a Kahler manifold one only expects a superpotential 
of the form |38j 

Wjib = n A (F 3 + A H NS ) , with A = X + ie~* , (6.6) 

since dJ = and dQ = on a Kahler manifold. For a non-Kahler manifold we would expect the 
same complexification of fluxes such that H^s — > Hns + id J. Obtaining a global supergravity 
solution in IIB would allow us to calculate those superpotentials in IIB and the IIA mirror 
accordingly. 

The interpretation of the gauge theory in heterotic theory is less clear than in type II. Here, 
we cannot use the D-brane construction anymore. One would rather expect a gauge theory with 
gauge group contained in SO(32), but it remains to be seen if this is consistent with U-duality 
and the gauge theory in IIB. The geometric transition we proposed for type I and heterotic is 
simply a connection between two metrics as this point and we do not have any proof of a deeper 
relation on the topological or gauge theory level yet. 

We can nevertheless speculate about the superpotential. As pointed out in the type I 
superpotential should be of the form [123, 124J 



Wi = J(F 3 + idJ) A ft + W# s + Wg s 



(6.7) 



where Wcs indicates a Chern-Simons superpotential for the SO (32) gauge field A or spin con- 
nection u, i.e. there is a gauge and a gravitational part to the Chern-Simons potential, which 
is of the general form 

w£ s = J Tr (a AdA+^AAAAA\ Aft (6.8) 

and similarly for Wq S . 

The heterotic superpotential should take the form |123t 1124] 

W het = J(H + idJ)An (6.9) 

with torsion 3-form H that satisfies dH = Tr R A R — Tr F A F, where F = dA is the gauge 
fieldstrength and R is the curvature two-form.. 



Further Open Problems 

In order to use geometric transition models for realistic theories one would want to find compact 
internal manifolds that allow for such transitions. As the analysis in this work was based on 
local metrics, it should also be applicable to compact manifolds that admit a metric of the type 
we discussed, e.g. (|2.9p . in a local patch. In other words, we need compact manifolds that admit 
locally conical singularities which are resolved or deformed, but they do not have to resemble 
conifolds globally. 

On such compact spaces one would have to provide a mechanism to cancel the charges of the 
D5 or D6-branes. As already mentioned in the introduction, this can be done by introducing 
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D-branes or orientifold planes |15j-|22j. which would have the further advantage to allow for 
supersymmetry breaking. 

We would also like to give an independent argument for the absence of D-branes after the 
transition (the orientifold planes and their accompanying flavor branes should be undisturbed 
by the transition). As observed in [136] . D6-branes lifted to a G2 holonomy manifold (more 
precisely a Taub-NUT space) give rise to a normalizable harmonic (1,1) form. If the branes are 
absent, one would expect this form to become non-normalizable or cease to exist. 

In conclusion, we constructed a variety of new (non-compact) string theory backgrounds 
on non-Kahler manifolds in IIA, type I and heterotic SO (32). These backgrounds come in 
pairs and we argued them to be related by a geometric transition, meaning that one of them 
contains branes, the other one only flux. A rigorous proof of this claim and the implications for 
weak-strong coupling dualities in the underlying field theories are left for future work. 
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A Geometry and Topology of Conifolds 



The first extensive discussion of the topology and geometry of the Calabi-Yaus known as singu- 
lar, resolved and deformed conifold was presented in JS7J. The (singular) conifold is a complex 
3-manifold that can be embedded in four dimensional complex space as 



J>0 2 = 0, Zi GC 4 . (A.l) 



»=i 

This space has a conical singularity at (z±, Z2, 23, Z4) = and can be describes as a cone over 
S 2 x S 3 which is also known as T ' 1 . The singularity can be smoothed in two different ways: 
via deformation or via resolution, which leads to the other two conifold geometries mentioned 
above. Asymptotically, they also look like cones over S 2 x S 3 , but close to the tip of the conifold 
(the singular point) they are topologically different. It was shown that all three manifolds admit 
a Kahler structure and have vanishing first Chern class, therefore we can pass continously from 
one geometry to the other. 

This transition is pictured as starting with a finite size S 3 , shrinking it to zero size and 
blowing up an S 2 at the singularity, giving rise to deformed, singular and resolved conifold, 
respectively. To see that these spaces are topologically distinct, it suffices to see that their Euler 
characters differ, since x(S 3 ) = Oj x(P om t) = 1 an d x(S 2 ) = 2. 

Consider the singular conifold defined in (|A.1|) . The base of the cone is a manifold J\f given 
by the intersection of the space of solutions to (jA.ljl with a sphere of radius r in C 4 = R 8 

Y J \z l \ 2 = r 2 . (A.2) 

-i=i 

Separating z; t into real and imaginary part Zi = Xi+iyi this equation together with (lA.lj) becomes 

x l Xi = — , ySi = y , x*yi = . (A.3) 

The first equation defines a three sphere S 3 with radius r/y/2. The others define an S 2 fiber 
over 5 3 . Since all such bundles over S* 3 are trivial, one finds that J\f has topology S 2 x S* 3 . 
Therefore, the conifold is topologically a cone over S 2 x S 3 , i.e. the metric of the 3-manifolds 
reads 

ds 2 = dr 2 + r 2 ds% ltl . (A.4) 
It was shown in [57] that the Ricci flat Kahler metric is obtained with 

1 1 2 

dstp!,! = - (dip + cos 9i d(pi + cos 9 2 #2) 2 + -7. {d0f + sin 2 t dip 2 ) . (A.5) 

i=i 

This can be noted by exploiting the symmetry of T > which is given as a coset space SU(2) x 
SU(2)/U(1). To see this, define 

1 a 1 / z 3 + iz 4 z 1 - iz 2 \ , . 

W = T2 Zai= V = 2\z 1 + i* 2 + (A - 6) 
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where crj are the three Pauli matrices plus the identity. With this definition, equations (jA.ip 
and (|A.2|) become 

i 4 

detW = -- J>*) 2 = (A-7) 
i=i 



TrW ] W = ^|^| 2 = r 2 . (A. 



i=l 

Defining a matrix Z = TV/r these equations read: det Z = and TrZ^Z = 1. If Zo is a particular 
solution of these equations, say 

Zo = (° J) = ^i+*a 2 ) (A.9) 

then it is straightforward to show that a general solution can be written as Z = LZqR) where 
L and R belong to SU(2) 

L - (if) " d * - (t t) < A ' 10 > 

with | tx | 2 + |6| 2 = 1 and \k\ 2 + \l\ 2 = 1. Choosing the following parameterization of L and i? 

a = cos^eK^+W, fc = cos^ei^ + « 
2 ' 2 

ft = s i n ^i e |Wi-^) ; Z = sin-et(^-^) (A.ll) 
2 ' 2 v ; 

where tpi,4>i,8i are the Euler angles of each SU(2) gives rise to coordinates usually used in the 
literature to discuss conifolds [76l [TTJ IH [73] . 

It is clear that SU(2) x SU (2) acts transitively on the base M. Certain matrices (L, R) leave 
Zq fixed. It is easy to check that these are of the form (L, R) = (O, 0t) with 

S = e °,e) ■ (A.12) 

Therefore, Af can be thought of the set of matrices (L, R) ~ (£0, i?0'), which shows that 

Kr _ SU(2)xSU(2) _ S 3 xS* 

where the U(l) is generated by O. This means that M = T ' . 

For this manifold to be compatible with a Kahler structure one requires 

9»u = Q^dvT (A. 14) 

where J- is the Kahler potential. A Kahler potential that is invariant under SU(2) x SU(2) can 
be a function of r 2 only. In terms of W 

ds 2 = T' Tr(dWUW) + T" \Tr WU\V\ 2 . (A.15) 
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The Ricci tensor for a Kahler manifold is R^p = d^dp In y/g with ^fg =detg^p. Define a function 

7 (r) = r 2 T' , (A.16) 

then requiring Ricci flatness leads to 

7 (r) = r 4 / 3 . (A.17) 

After a rescaling r — ► r = \/3/2 r 2 / 3 one recovers indeed the metric (|A.4|) . 

The small resolution is obtained by blowing up an S 2 at the tip of the cone. To see this, 
note first that we could also define the singular conifold after a coordinate redefinition as 

wz-uv = 0, (A. 18) 

which is equal to the statement that there are non-trivial solutions to 

: :) (I) - »■ < a - i9 > 

At (u,v,w,z) = this is solved by any pair (£i,£2)> but note that there is an overall scaling 
freedom (£i, £2) ~ (^£i> ^£2); so (£1, £2) actually describe a CP 1 at the tip of the cone. Therefore, 
the resolved conifold is depicted as 0(— 1)©0(— 1) — > CP 1 . We will work in a patch where £1/^2 
is a good inhomogeneous coordinate on CP 1 . Hence 

W = (~ U z X x f) . (A.20) 



Equation (1A.2|) becomes 



r 2 = TrW ] W = a A (A.21) 



with a = |ii| 2 + |z| 2 and A = 1 + |A| 2 . 

The Kahler potential K, in this case is not simply a function of r 2 only, but 

K = ^ + 4a 2 In A (A.22) 

with T being a function of r 2 and a is a constant, the resolution parameter. This gives the 
metric on the resolved conifold 

ds 2 = T 1 Tr(dWU\V) + T" \Tr WUW\ 2 + 4a 2 ^ . (A.23) 

This reduces to the singular conifold metric when a — > 0. In terms of the Euler angles (jA.lip 
with t/j = ipi + ip2, this metric was derived in [76J to be 



ds 2 = dr 2 + ^-r 2 (dtp + cos 9i dcpi + cos9 2 d(t> 2 ) 2 

+ -j- (dOj + sin 2 #1 dcf 2 ) + ' ' (del + sm 2 # 2 #2) , (A.24) 



4 

^ , 7 + 4a 2 
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with 7 = 7(r) going to zero like r 2 , a is called resolution parameter because it determines the 
size of the blown up S 2 at r = and 7' = d^y/dr 2 . Again, 7 is defined as in (|A.16p . Ricci 
flatness requires 

7^7(7 + 4a 2 ) = 2r 2 /3, (A.25) 

which can be solved for 7(r). It is interesting that there is another metric on the resolved 
conifold which is related to this one by a flop, basically the exchange of the two S 2 . 

Let us now turn to the discussion of the deformed conifold. It is obtained by changing (|A.1|) 
in a very simple way 

4 

J> 4 ) 2 = /A (A.26) 

i=l 

In terms of the matrix W this means det W = —fi 2 /2 and as before we define a radial coordinate 
via the relation r 2 = Tr (W^W). Splitting the z% into real and imaginary part we obtain 

r = XiX +ym , \i = XiX - yiy , (A.27) 

which implies that r ranges from fj, to 00. But it is also apparent that the (deformed) conifold 
is nothing but the cotangent bundle over a three-sphere, T*S 3 . A particular solution is found 
to be 



2 _ ,,2 



and the general solution is obtained by setting W = L Wu B) . For r 7^ fi the stability group is 
again U(l). So for each r//j the surfaces r =constant are again S 2 x S 13 . Note however, that 
for r = fj, the matrix Wu is proportional to C3 and is invariant under an entire SU(2). Thus, the 
"origin" of coordinates r = [i is in fact an SU(2) = S 3 . 

Again, we define a Kahler potential T and 7 = r 2 !F, then the metric is again given by (|A.15h 
and the condition for Ricci flat becomes [57] 

r 2 (r 4 - /)(7 3 )' + 3^ 4 7 3 = 2r 8 . (A.29) 

This can be integrated and one finds that for r — > 00 the function 7 approaches r 4 / 3 , which 
agrees with the singular conifold solution. In terms of Euler angles the metric is explicitely 
given as [771175] 



" s def 



r 2 ^ - 7) (l - 1 + 7 



dr 1 

+ - (dt/j + cos 9\ d(pi + cos 62 d4>2) 2 



r 2 (l-/i 4 /r 4 ) 4 



+ J [(sin Of d<t>\ + dOl) + (sin Q\ #2 + ^2)] ( A -30) 
7/i 2 

+ — 77 [cos ^(d6*id^2 — sin 0i sin 02^01^02) + sin ^(sin6*i(i0i(i02 + sin 02^02^i)l • 
2r z 
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B T— Duality and Buscher Rules 

We follow here the conventions from [137] , but there are a variety of review articles discussing 
this topic, e.g. [T ^H51 B5 1ll38] . T-duality can already be observed on the bosonic level. Consider 
the bosonic part of the ten-dimensional (closed) superstring that is described by X^(a, r) = 
X£(a + t) + X^{a — r) with left movers and right movers Xr. Compactification on a circle 
of radius R in the 9th direction, 

X 9 ~X 9 + 2irR. (B.l) 
leads to a quantization of the center-of-mass momentum, as usual in Kaluza-Klein reduction, 

p=^, neZ. (B.2) 
R 

But additionally, strings can also wind around the compact direction w times, so 

X 9 (a + 2iT) = X 9 (a) + 2ttRw, toeZ. (B.3) 
This implies for the momentum, which can also be split into left and right movers p 9 = p\+P 9 r- 

9 n wR n n wR 

pl = R + ^r> p ^ = R-^r- (R4) 



Note, that the mass spectrum 



m 2 



n 2 w 2 R 2 2 



W + — + ^(N L + N R -2), (B.5) 
with Nr^l being the left and right mover oscillator numbers, is completely symmetric under 

a' 

R — > R' = — and n *-* w , (B.6) 
R 

i.e. the theory compactified on a circle with radius R gives the same spectrum (and Hamiltonian) 
as another theory compactified on a circle with radius a' /R if one exchanges winding modes w 
and momentum modes n. But this exchange also has the effect 

Pl^pl, P 9 r^-pI, (B.7) 

or on the level of X: X 9 — > X 9 L and X 9 R — » — X 9 R . The CFT is completely unchanged by choosing 
X = Xl — Xr instead of X = Xl + Xr apart from the sign change in (|B.7|) . So, T-duality can 
be viewed as a one-sided parity transformation taking X R — > —X R , but leaving the left -movers 
invariant. By spacetime supersymmetry, T-duality must also act like a one-sided parity on 
spacetime fermions, e.g. in IIB with two spinors S a in Green-Schwarz formalism 

SI -> SI and S£ -» T 9 TS^ . (B.8) 

T l are the Dirac matrices in d=10 and T = r 1 ..T 9 , see [6] for a representation of the Clifford 
algebra in d=10. T acts as helicity operator and just gives ±1 acting on Ramond states. T 9 r 
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represents the action of the parity transformation because it anticommutes with T 9 but com- 
mutes with all other T l (i ^ 9). This operator changes the chirality of right -moving fermions, 
so starting with type IIB and two spinors 8 S we end up with a theory with one spinor 8 S and 
one conjugate spinor 8 C — type IIA! This duality is not only a symmetry for the free string, 
but also of the interacting theory. See e.g. [7]. 

T-duality also has to act non-trivially on D-branes if it should consistently exchange IIB 
with IIA. In fact, since it is a one-sided parity transformation, it exchanges Dirichlet with 
Neumann boundary conditions, as is obvious in a non-standard formulation of these boundary 
conditions: 

{Neumann d + X = d-X 
Dirichlet d+X = -d-X . 

This means, T-duality along a longitudinal direction of a Dp-brane turns it into a D(p-l) brane; 
T-duality along a direction transverse to the brane turns it into a D(p+l)-brane. 

Let us now consider a theory that includes background fields. Using the sigma model action 

S = ^7 J tfayfi [(g ab G^{X)+ie ab B^(X)) d a X»d h X v + a' 4>b\ (B.10) 

with background dilaton 0, worldsheet metric g ab , worldsheet curvature R and usual graviton 
and Bns field, one can show that this is invariant under the following T-duality rules [139 J (the 
tilde-fields are after T-duality along y) 

r _ <o-l _ Byy 

^yy — ^yy ' °>2/ — r> 



mi 



G, v = G^v — _w_i^___M__i!£ (B.ll) 

^yy 

3 d BpyGyy ~ G m B uy ~ _ G m 

(jyy (jyy 

2<j> _ s-i-\ 2(f> 

One can of course perform multiple T-dualities along a number of circles, that form a torus T d 
[d being the number of T-duality directions). 

Also taking the RR p-forms C p into consideration gives the duality transformation [140J 

Cfclay = C^-{n-l)G- y l C^XG\ a] y (B.12) 

c { ;L, = c^x + n c { ;:iiB P]y + „ ( „ - 1) G ~i d0^ Hv G m . 

Note that a, /3, fj,,u ^ y and [. . .] indicates antisymmetrization, where the index \y\ is excluded. 
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C Nonlinear Sigma Models and Topological Strings 



After an introduction to (2,2) supersymmetric sigma models, we will discuss topological sigma 
models and string theory for closed three-form H and Kahler target and use it to review the 
Gopakumar-Vafa conjecture in section IC .31 In the last section we turn to more general topolog- 
ical models, in particular we are interested in sigma models on generalized Kahler targets that 
also allow for non-vanishing NS flux H. An introduction to generalized complex geometry is 
provided in section IC.41 



C.l Nonlinear Sigma Models 

String theory is intrinsically linked to sigma models. We can view string theory as the description 
of a 2-dimensional worldsheet E propagating through a 10-dimensional target space M. The 
sigma model that describes this theory deals with maps <j) : X — > M. These maps can be 
promoted to chiral superfields $ that have <f> in their lowest component and obey the 2d sigma 
model action 

S = -~ J drdad 2 6 ( 9ij ($) + D a ^D a ^> , (C.l) 

with indices i, j = l...d parameterizing the target space and 

D a = A + ifPQJ) ; (C.2) 
06 

where p^ is a 2d 7-matrix and 9 a a two-component Grassmann valued spinor. Chiral superfields 
are defined by D <E> J = 0. See |141j for an introduction into superspace. Written in terms of 
superfields, this action has explicit J\f = 1 supersymmetry generated by 

Q a = -J* " itT0 a dr . (C.3) 
06 

In the case H = dB = it has further non-manifest supersymmetry if and only if the target 
space is Kahler [142J. The extra supersymmetry transformation is 

Sr, $ ^ = (r] a D a &) J) (C.4) 

where Jj is the complex structure of the manifold. If the manifold admits a hyper-Kahler 
structure (i.e. admits three independent Kahler structures), then the action (|C.ip admits more 
than one extra supersymmetry, for a usual Kahler structure we find M = 2. 

Considering a sigma model that does not only contain chiral but also twisted chiral super- 
fields, one can find additional supersymmetry even if the target is not Kahler. This was proposed 
in |126j more than twenty years ago, but only recently it was realized that the constraints one 
obtains for the target manifolds in this model define a (twisted) generalized Kahler structure 
[89], see section fC.41 In section IG.5I we will explain how generalized complex geometries can be 
used to describe generalized topological sigma models. 

Let us briefly review the construction from [T26J. The usual non-linear sigma model with 
chiral superfields (jC.ll) is changed by including twisted chiral superfields that satisfy 

D+X = ^(1 + 75)£>X = 0, D-X = ^ (1-76) a* = 
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and similar for their complex conjugates. In d=2 75 is simply given by the Pauli matrix cr 3 . 
In theories with only twisted chiral multiplets, D and D cannot be distinguished and x is 
equivalent to an ordinary chiral superfield <3?. However, in models with both chiral and twisted 
chiral superfields, x an d $ are distinct. 

The action suggested in [126J in terms of N = 1 real scalar superfields (i = 1 . . . d) that 
generalizes (jC.ip is 

S = -\J d 2 xd 2 9 [ 9ij (&) (D<*&) (D a &) + Biji*) (D a &) ( l5 D) a &] , (C.5) 

where includes chiral multiplets <I> as well as twisted chiral multiplets %■ Since it is written 
in terms of N = 1 superfields, this action is manifest supersymmetric, but we are looking for 
additional supersymmetry. In [126] the extra supersymmetry transformations are given as 

5 V $ = -i(r,+D-&) (J + )j. + i( V -D + &) (J_)j (C.6) 

with two different complex structures J+ and J_. This generalizes (lC,4j) . The two different 
complex structures result from the different action of the supersymmetry transformations on 
chiral and twisted chiral multiplets, respectively. For J\f = 2 chiral multiplets one simply finds 



5$ 



V a Q a , $ = irj a D a $, 5$ = i V a Q a , $ = -irj a D a <S>, (C.7) 



where the Majorana N = 1 spinor derivative D and the generator of the non-manifest super- 
symmetry Q are defined in terms of the ordinary D and Q from (|C,2|) and (|C.3h as 

D = Jl(D + D), Q = J±(D-D). (C.8) 

Note that {D, Q} = 0. Comparing (|C,7p to (|C.4p one finds that the complex structure in this 
case is given as 

n = (° • ) . (c. 9 ) 

For N = 2 twisted chiral multiplets the supersymmetry transformations read 

Sx = -i(rns) a D a X, 6x = i(iry 5 ) a D a x. (CIO) 

In a theory with only twisted chiral multiplets one could absorb 75 into rj, but with also ordinary 
chiral multiplets present, 77 is already fixed. This transformation is not of the form (|C,4p . but 
one can define a generalized matrix valued complex structural 



and write analog to (|C.4p 



S[*\=(*J)°b a {?.). (0.12! 



64 This is not to be confused with a generalized complex structure in the spirit of Hitchin and Gualtieri 
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The case M = 4 works similar, but is not of interest to us here. 
The two complex structures in (|C.6|) are then found to be 

(j ± y j = j]±jl (c.i3) 

It was shown in [126J that these two complex structures are indeed integrable. Requiring the 
commutator of two such generalized supersymmetry transformations (|C.6P to close (and impos- 
ing the equations of motion) leads to 

D+D-& + r + * ifc (D+&) {D^ k ) = (C.14) 

with the affine connections defined in terms of ordinary Christoffel symbols Tj k as 

r±jfc = r/ fe =F Hj k . (C.15) 

H is precisely the fieldstrength H = dB and enters as torsion into this relation. This implies that 
the target manifold is no longer Kahler. Note that in above considerations only one torsional 
connection T_£j k entered, but not the other one. Furthermore, invariance of the action requires 
that gij is Hermitian w.r.t. to both complex structures and the metric is covariantly constant 
w.r.t. to both torsional connections. 

In summary, it was found that J\f = 2 supersymmetry can be preserved if the manifold 
possesses a bi-Hermitian structure (g, B, J + , J_) (with H = dB ^ 0). If one wanted to realize 
N = 4 supersymmetry, one would find two sets of quaternionic structures [126J. 

C.2 Topological Sigma Models and String Theory 

This section serves the purpose to define topological string amplitudes and explain the difference 
between open and closed topological string theories. We need this background material to explain 
the Gopakumar-Vafa conjecture in the next section. In accordance with their observations, we 
restrict ourselves to the case H = here. Generalized topological sigma models will be discussed 
in section [C75l We will closely follow the review |143j . see e.g. [1441 1145} 1146} 1147] for details. 

Topological string theory integrates not only over all maps (f> but also over all metrics on E, 
this is often called a sigma model coupled to two-dimensional gravity. Classically, the sigma 
model action depends only on the conformal class of the metric, so the integral over metrics 
reduces to an integral over conformal (or complex) structures on S. 

The sigma model with Kahler target discussed above can be made topological by a procedure 
called "twisting" |144j . which basically shifts the spin of all operators by 1/2 their R-charge. 
There are two conserved supercurrents for the two worldsheet supersymmetries that are nilpotent 

(G ± ) 2 = 0, (C.16) 

so one might be tempted to use these as BRST operators and build cohomologies. But they 
have spin 3/2. The twist shifts their spin by half their R-charge to obtain spin 1 operators 

Snew = S id+-q (C17) 
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where q is the U(l) R-charge of the operator in question Classically, the theory has a vector 
U (l)v symmetry and an axial U{1)a symmetry. Twisting by U (l)y gives the so-called A-model, 
twisting by U(1)a the B-model. The U{1)a might suffer from an anomaly unless c±(M) = 0, 
which leads to the requirement that the target must be a Calabi-Yau manifold for the B-model. 
One could now define Q = G + or Q = G~ and use this nilpotent operator as a BRST operator, 
i.e. restrict one's attention to observables which are annihilated by Q. 

Before doing so let us note a special feature of J\f = (2, 2) supersymmetry. Since left and right 
movers basically decouple, we can split any of the operators G ± into 2 commuting copies, one 
for left and one for right movers. In terms of complex coordinates let us denote the left movers 
as holomorphic and the right movers as antiholomorphic G^. This makes the (2,2) super- 
symmetry more apparent. Now twisting can be defined for left and right movers independently 
and we obtain in principle four models, depending on which we choose as BRST operators: 

A model: (G+, G + ) , B model : (G+, ZT) 

A model: (G~,G _ ), B model : (G~,G + ). (C.18) 

Of these four models, only two are actually independent, since the correlators for A (B) and for 
A (B) are related by complex conjugation. So we will ignore A and B in the following. 

Starting with this setup, one can now discuss observables in topological theories. It turns 
out, that Q + Q in the A-model reduces to the differential operator d = d + d on M, i.e. 
the states of the theory lie in the deRham cohomology. A "physical state" constraint requires 
states to be in H^ l ' l \M) only, which corresponds to deformations of the Kahler structure on 
M. One can also show that correlators are independent of the complex structure modulus of M, 
since the corresponding operators are Q-exact (they decouple from the computation of string 
amplitudes). 

In the B-model the relevant cohomology is that of d with values in A*(TM), i.e. the 
observables are (0,1) forms with values in the tangent bundle TM. These correspond to complex 
structure deformations. One can also show that in this case correlation functions are independent 
of Kahler moduli. So each of the two topological models depends only on half the moduli, 

A model on M : depends on Kahler moduli of M 

B model on M : depends on complex structure moduli of M . 

In this sense both models describe topological theories, because they only depend on the topology 
of the target, not its metric. It can also be shown that the relevant path integral J e~ s simplifies 
tremendously compared to ordinary field theories. It localizes on Q-invariant configurations. 
These are simply constant maps 4> : S — > M with d<p = for the B-model and holomorphic 
maps d(j) = for the A-model. In this sense the B-model is simpler than the A-model, because 
the string worldsheet "reduces to a point" on M, its correlation functions are those of a field 
theory on M. They compute quantities determined by the periods of the holomorphic 3-form 
ri( 3 '°) ; which are sensitive to complex structure deformations. 

The holomorphic maps in the A-model are called "worldsheet instantons" . Each worldsheet 
instanton is weighted by 

exp (^j (J + iB)^j 



100 



where t = J + iB E H 2 (M, C) is the complexified Kahler parameter and C is the image of the 
string worldsheet in M. Summing over all instantons makes this theory more complicated than 
the B-model, but only in the sense that it is not local on M and does not straightforwardly 
reduce to a field theory on M. In summery, the A-model moduli are complexified volumes of 
2-cycles, while the B-model moduli are the periods of 0. 

Let us now talk about the relation of these topologically twisted sigma models to string 
theory. As mentioned before, string theory sums not only over all possible maps : £ — > M, as 
discused in the sigma models above, but also over all possible metrics on S. The latter actually 
reduces to a sum over the moduli space of genus g Riemann surfaces. The topological string 
free energy is then defined as a sum over all genera 

oo 

^ = J2^ 29 F 9 (C19) 

9=0 

with the string coupling X s and F g being the amplitude for a fixed genus g. The string partition 
function is given by Z = expj 7 . 

The interesting quantities for the topological string theory are therefore the genus g partition 
functions. Already at genus zero one finds a lot of interesting information about M. In the A— 
model the genus zero free energy turns out to be 

Fo = / J f\ J f\ J + instanton corrections . (C.20) 

The first term corresponds to the classical contribution of the worldsheet theory, it gives the 
leading order contribution in which the string worldsheet just reduces to a point. We have 
explicitely assumed M to be a complex 3-manifold with the real part of the Kahler parameter 
being J. The instanton term contains a sum over all homology classes H2(M,Z) of the image 
of the worldsheet, each weighed by the complexified area, and a sum over "multi-wrappings" in 
which the map £ — ► M is not one-to-one. 

To define the genus zero free energy in the B-model requires a little more effort. We al- 
ready noted that the relevant moduli are periods of Q E H 3 (M,C). This cohomology can be 
decomposed as 

h 3 = h 3 >° e h 2 ' 1 e h 1 ' 2 e h ' 3 . (c.21) 

For a Calabi-Yau threefold the Hodge numbers are given by h 3 ' = h 0,3 = 1, because there is 
one unique holomorphic 3-form, and h 2,1 = h r' 2 , recall the Hodge diamond (|2.2p . Therefore, 
H 3 (M, C) has real dimension 2 h 1,2 + 2. It is customary to choose a symplectic basis of 3-cycles 
A 1 and Bj with intersection numbers 

A l nA j = 0, B i nB j = 0, A i nB j = Sjj, withij = l,...,h 1 ' 2 + 1. (C.22) 

One can then define homogeneous coordinates on the moduli space of complex structure defor- 
mations by 

X i := f Q. (C.23) 

J A* 

This gives h 1,2 + l complex coordinates, although the moduli space only has dimension h ' 2 . This 
overcounting is due to the fact that f2 is only unique up to overall rescaling, so the same is true 
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for the coordinates defined this way. Therefore they carry the name "homogeneous coordinates" . 
There are also h 1 ' 2 + 1 periods over B-cycles 

Fi := I SI. (C.24) 

Due to the relation between A and B cycles, there must be a relation between the periods. In 
other words, we can express Fi as a function of X 3 . 

Fi = Fi(X 3 ) . (C.25) 

One can prove that these satisfy an integrability condition 

which allows us to define a new function F via 

d 

F (C.27) 



dX 



which is actually nothing but the genus zero free energy of the B-modeQ- It is given by the 
simple formula 

F=~X i F i . (C.28) 

In general, the integral over all worldsheets is too hard to carry out explicitely. There 
are nevertheless some tools that enable one to calculate topological string amplitudes. For 
example, mirror symmetry between A and B model can be used to compute amplitudes in 
the model of choice (usually the B-model since it does not obtain instanton corrections) and 
then extrapolating the result to the mirror theory. We will be more interested in a duality 
between open and closed strings, which enables one in principle to calculate the free energy at 
all genera for a particular class of non-compact geometries — e.g. conifolds. To describe an 
open topological strings we need to explain what we mean by topological branes that appear as 
boundaries of E. 

A D-brane corresponds to a boundary condition for £ that is BRST-invariant. In the A- 
model this implies that the boundary should be mapped to a Lagrangian submanifolcP^l L of 
M. If we allow open strings to end on L, we say that the D-branes are wrapped on L. Having 
a stack of N D-branes on L corresponds to including a weighting factor N for each boundary. 

We have already discussed how D-branes carry gauge theories in physical strings (we will 
use "physical" for the target space perspective to distinguish it from toplogical strings). The 
same is true for topological branes. In the A-model it turns out that one can actually compute 
the exact string field theory, which is again a topological theory: U(N) Chern-Simons theory 
[148J. Its action in terms of the U(N) gauge connection A is given by 

S = J Tr \AAdA + ^AAAAA\ . (C.29) 



65 Strictly speaking, F is not a function but rather a section of the line bundle over the moduli space. It 
depends on the choice of scaling of Q.. Under Q — > £fl F scales as F — » C, 2 F, it is homogeneous of degree 2 in the 
homogeneous coordinates of the moduli space. 

66 This means L has half the dimension of M and the Kahler form restricted to L vanishes. 
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This action might still obtain instanton corrections, but Witten showed that in the special case 
where L = S* 3 there are none. This is fascinating, because the S 3 in the deformed conifold 
(which is also T*S 3 ) is such a Langrangian submanifold. 

In physical superstrings, D-branes are sources for RR fluxes. So under what quantity are 
topological branes charged? The only fluxes available are the Kahler 2-form J and the holo- 
morphic 3-form f2. Wrapping a topological brane on a Lagrangian subspace L of M (in the A 
model) creates a flux through a 2-cycle C which "links" L. This link means that C = dS for 
some 3-cycle S that intersects L once, so C is homologically trivial in M, although it becomes 
nontrivial if considered as a cycle in M \ L. This implies that J c J = since J is closed and C 



because the branes act as a 5-function source for the two-form, i.e. J is not closed anymore on 
L, but dJ = Ng s 5(L). Similarly, a B-model brane on a holomorphic 2-cycle Y induces a flux of 
£1 through the 3-cycle linking Y. In principle we could also wrap branes on 0, 4 or 6-cycles in 
the B-model, but there is no field candidate those branes could be charged under. This suggests 
a privileged role for 2-cycles. 

The A-model branes wrap Lagrangian 3-cycles (whose volume is naturally measured by 
fi-the fundamental object of the B-model) whereas B-model branes wrap holomorphic cycles 
(whose volume is measured by the A model modulus J). The full meaning of this interesting 
connection is still not understood. 

C.3 The Gopakumar— Vafa Conjecture 

After all these preliminaries we are now ready to explain the geometric tansition on conifolds. 
This is a duality between open and closed topological strings (it has been shown that they 
compute the same string partition function) which has profound physical consequences. The 
dual gauge theory from the open string sector is N = 1 SYM in d=4. The IR dynamics of 
this gauge theory can be obtained either from the open or from the closed string sector, but 
the UV dynamics can only be described by open strings, as we cannot generate gauge theories 
with closed strings. In this sense, both string theory backgrounds are dual, they compute the 
same superpotential because they have the same topological string partition function. The key 
to this duality in the gauge theory is to identify parameters from the open string theory with 
parameters from the closed string theory. In the IR this will be the gluino condensate which is 
identified either with the Kahler or complex structure modulus of a closed or open string theory. 

The geometric transition in question [65j considers the A model on the deformed conifold 
T*S 3 . As noted by [148] . the exact partition function of this theory is simply given by U(N) 
Chern Simons theory. The closed A-model on this geometry is trivial, because it has no Kahler 
moduli. But the T*S 3 contains a Lagrangian 3-cycle L = S" 3 on which we can wrap branes in 
the open A model. This creates a flux Ng s of J through the 2-cycle C which links L, in this case 
C = S 2 . So it is natural to conjecture that this background is dual to a background with only 
flux through this 2-cycle. The resolved conifold is the logical candidate for this dual background 



trivial. 



Wrapping N branes on L has the effect of creating a Kahler flux through C 




(C.30) 
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as it looks asymptoticall like the deformed conifold, but has a finite S 2 at the tip of the cone. 
This led Gopakumar and Vafa to the following 

Conjecture: The open A model on the deformed conifold T*S 3 with N branes wrapping the S 3 
is dual to the closed A model on the resolved conifold 0(—\) © O(-l) — ► CP 1 and the size of 
the CP 1 is determined by t = Ng s . 

There are no branes anymore in the dual geometry, there is simply no 3-cycle on which 
they could wrap. The passage from one geometry to the other is called "geometric transition" 
or "conifold transition" in this case. Since the partition function for the open theory is known 
for all genera (from Chern-Simons theory), this can be used to postulate the full closed string 
partition function on the resolved conifold, which does have a Kahler parameter J and would 
in general be hard to compute to all orders. 

The agreement of the partition function on both sides has been shown in [65] for arbitrary 't 
Hooft coupling A = Ng s and to all orders in 1/N. In this sense, this duality is an example of a 
large N duality which has been suggested by 't Hooft: for large N holes in the Riemann surface 
of Feynman diagrams are "filled in" or "condensed" , where one takes N — > oo with g s = fixed. 
The authors of [65] matched the free energy F g at every genus g via the identification of the 't 
Hooft coupling 

i\ = Ng s (open) < — ► iX = t (closed) , (C.31) 

where t is the complexified Kahler parameter of the S 2 in the resolved conifold and the iden- 
tification of the 't Hooft coupling for open strings is dictated by the Chern-Simons theory on 
S 3 . 

Beyond that, it was also shown that the coupling to gravity (to the metric and Wilson 
loops take the same form for the open and closed theory. The two topological string theories 
described here correspond to the different limits A — > and A — > oo, but they are conjectured 
to describe the same string theory (with the same small g s ) only on different geometries. 

Embedding in Superstrings and Superpotential 

This scenario has an embedding in "physical" type IIA string theory. Starting with N D6 
branes on the <S 3 of the deformed conifold we find a dual background with flux through the 
S 2 of the resolved conifold. The Calabi-Yau breaks 3/4 of the supersymmetry (which leaves 8 
supercharges), therefore the theory on the worldvolume of the branes has M = 1 (the branes 
break another half of the supersymmetry). There is a U(N) gauge theory on the branes (in the 
low energy limit of the string theory the U(l) factor decouples and we have effectively SU(N)). 
As described in the last section, these wrapped branes create flux and therefore a superpotential. 
This superpotential is computed from topological strings, but we need a gauge theory parameter 
in which it is expressed. The relevant superfield for M = 1 SU(N) is S, the chiral superfield with 
gaugino bilinear in its bottom component. We want to express the free energy F g in terms of 

67 It might seem contradictory that there can be a coupling to the metric when we are speaking about topological 
models. The classical Chern-Simons action is indeed independent of the background, but at the quantum level 
such a coupling can arise. In the closed side there are possible IR divergences, anomalies for non-compact 
manifolds that depend on the boundary metric of these manifolds. 
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S. Since there will be contributions from worldsheet with boundaries, we can arrange this into 
a sum over holes h 

oo 

F g (S) = Y, F 9,hS h - (C.32) 

h=0 

It turns out that the genus zero term computes the pure gauge theory, i.e. pure SYM, higher 
genera are related to gravitational corrections. 

As discussed above, the open topological string theory is given by Chern Simons on T*S 3 , 
which has no Kahler modulus. The superpotential created by the open topological amplitude of 
genus zero is given by [5] 

d 2 ° V +aS + (3 (C.33) 
dS 

with a, f3 = constant, a S being the explicit annulus contribution (h = 2). 

Although the topological model is not sensitive to any flux through a 4- or 6- cycle, in the 
superstring theory the corresponding RR forms F4 and Fq can be turned on. In the closed string 
side this corresponds to a superpotential 

AsTyc iosed = J F2A kAk + i J F 4 Ak + J F 6 . (C.34) 

The topological string amplitude is not modified by these fluxes [5]. The genus zero topological 
string amplitude Fq determines the size of the 4- and 6-cycle to be and 2Fq — t ^f-, respec- 
tively, where t is the usual complexified Kahler parameter (of the resolved conifold). If we have 
N, L, P units of 2-, 4- and 6-form flux, respectively, the superpotential yields after integration 

\ s W closcd = N-^ + itL + P. (C.35) 

Note that requiring W = and dtW = fixes P and L in terms of ./V and t. N is of course 
fixed by the number of branes in the open string theory. 

This looks very similar to the superpotential for the open theory (|C,33p . We have already 
discussed that the topological string amplitudes agree 

^.open _ ^.closed 

if one identifies the relevant parameters as in (|C.3ip . In this case we have to identify S with t 
and a, (3 with the flux quantum numbers iL, P. It is clear from the gauge theory side that a 
(or L) is related to a shift in the bare coupling of the gauge theory. In particular, to agree with 
the bare coupling to all orders we require iL = V/X s , where V is the volume of the S 3 that the 
branes are wrapped on. This gives an interesting relation between the size V of the blown-up 
S 3 (open) and the size t of the blown-up S 2 (closed): 

(e*-l)* = const • e~ v/x ° . (C.37) 

This indicates that for small N (Ng s /V -C 1) the D-brane wrapped on S 3 description is good 
(since t — > 0), whereas for large N (Ng s 3> 1) the blown-up S 2 description is good (since 
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V — ► —cc does not make sense). It should be clear from our discussion that after the S 3 has 
shrunk to zero size there cannot be any D6-branes in the background, but RR fluxes are turned 
on. 

To summarize the superstring picture of the conifold transition: In type IIA we start with 
N D6-branes on the S 3 of the deformed geometry and find as its dual N units if 2-form flux 
through the S 2 of the resolved conifold. In the mirror type IIB, N D5 branes wrapping the S 2 
of the resolved conifold are dual (in the large N limit) to a background without D-branes but 
3-form flux turned on. The geometry after transition is given by the deformed conifold with 
blown up S 3 . In both cases we have to identify the complex structure modulus of the deformed 
conifold with the Kahler modulus of the resolved conifold or, roughly speaking, the size of the 
S 3 with the size of the S 2 . 

Let us finish this section with the explicit derivation of the Veneziano-Yankielowicz super- 
potential in type IIA [5]. To lowest order the type IIA superpotential is given by 

W(S) = J d 2 e(^-TS + iN 2 ae- T/N ^j (C.38) 

where r is the chiral superfield with iC+V/\ s in its bottom component, C being the background 
value of the 3-form gauge field in IIA and V the size of the S 3 as before. C takes the role of the 
angle and the gauge coupling is promoted to a superfield. The second term in (|C.38j) stems from 
instanton corrections. It might seem surprising that V enters into this superpotential (although 
the A model is independent of the complex structure modulus) , the reason lies within quantum 
corrections. But the linear term in S is the only coupling that V has to this theory. 

We now use that r is actually a dynamical superfield and can be integrated out from its 
equation of motion. Requiring d T W = gives 

S = i\ s Ntte~ T ' N . (C.39) 

Solving this for r and plugging the result back into (|C.38|) gives an effective superpotential for 
S 



N 

W eS = - — 

As 



(C.40) 



We do indeed recover the Veneziano-Yankielowicz superpotential [6T]. The scale of the gauge 
theory A can be identified with (NaXg) 1 / 3 . The vacuum of the theory exhibits all the known 
phenomena of gaugino condensation, chiral symmetry breaking and domain walls. This is a 
remarkable result and the first example where string theory produces the correct superpotential 
of a gauge theory. 



C.4 Generalized Complex Geometry 

Generalized complex geometries (GCG) are a notion introduced rather recently by Hitchin and 
Gualtieri [88], [89] and are of great interest to physicists, because they provide a framework 
to intertwine the concepts of metric and B-field, something that seems to occur naturally in 
string theory, as this article should have demonstrated quite explicitely. From the mathematics 
point if view they were introduced to provide a framework that interpolates between complex 
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and symplectic structures. The basic idea is to view these objects not as linear operations 
on the tangent bundle of a manifold, but on the direct sum T © T* of tangent and cotangent 
bundle. Since the smooth sections of T©T* have a natural bracket operation, called the Courant 
bracket, there are canonical integrability conditions for these two structures. Therefore, Hitchin 
defined a generalized complex structure as an almost complex structure J on T © T* whose 
+i-eigenbundle is Courant involutive [88]. Schematically, the generalization from complex to 
generalized complex structures works as follows 

tangent bundle on manifold Ai: T — > direct sum of tangent and cotangent 

bundle T © T* 

generalized almost complex struture 
J: T © T* -> T © T* with J 2 = -1 

integrability condition w.r.t. Courant 
bracket. 

Let M be a real n-dimensional manifold. Then T © T* is 2n-dimensional and its elements 
are of the form X + £ with X E T a vector field and £ E T* a one-form. There is a natural 
non-degenerate inner product of signature (n, n) defined by 

(X + £,Y + ri) = ^ + v(Y)), X,Y ET, ^ET*. ( C .41) 

The space T © T* has a number of symmetries, for example the inner product is invariant under 
SO(n,n), the one which is of most interest to physicists is the B-field transform. 

Let B : T — > T* with B* = —B, we can therefore view B as a two-form in /\ 2 T* via 
B(X) = ix B, with the interior product tx '■ /\ r (M) — > /\ r ~ 1 (M) defined as 

tjrwpri,...,X r _i) = X r _!) (C.42) 

with vector fields Xj. This means, for example, 

if Xi = ^- t x . ffaJ A dx fc = (5? - Sf dx j . (C.43) 
The B-field transform is then defined under the natural splitting T © T* as a 2n x 2n matrix 

exp(S) = (5 J) (C44) 

and acts as 1 + ( — ► X + £ + z.x-B. This means, it acts as a projection onto T and by a 
"shearing" transformation on T*. Consider for example X + ^ = d / dx + dx and B = bdx Ady. 
The B-field acts on an argument like this as 

X + i^X + i + bdy. (C.45) 

This is very reminiscent of the action of "T-duality with B-field along x" we encountered numer- 
ous times throughout this presentation. Our hope is therefore that the non-Kahler manifolds we 



almost complex structure 
J: T with J 2 = -1 

integrability condition w.r.t. Lie 
bracket 
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constructed in type IIA (and also heterotic and type I) have a natural interpretations in terms 
of generalized complex structures. See also |91| for similar interpretations. 

After this motivation, let us define the basic quantities needed for generalized complex ge- 
ometry. We will not be very thorough and not aim for completeness, see |89| for a complete 
introduction to the subject. The above mentioned Courant bracket is defined as 

[X + Z, Y + r,} = [X,Y\+Cx-n-C Y S-\d{ixri-LYZ) {CM) 

with X,Y € T and £, rj G T* . This is a skew-symmetric object but does not satisfy a Jacobi 
identity. C indicates the usual Lie-derivative 

C x = di X + L X d. (C.47) 

Note that the Courant bracket reduces to the ordinary Lie bracket on vector fields. The Courant 
bracket, like the inner product, is not only invariant under diffeomorphisms, but also under the 
B-field transform. The map e B is an automorphism of the Courant bracket if and only if B is 
closed, i.e. dB = 0. 

In physics, we are not only interested in closed B-fields (vanishing field strength). One can, 
however, defined "twisted" quantities that differ from the usual ones by terms involving H = db 
(with two-form b), so the formalism of generalized complex geometries is still applicable. The 
twisted Courant bracket, for example, is defined in terms of the usual Courant bracket [ , ] as 

[X + £, Y + rj\ H = [X + £, Y + r,} + i Y ix H (CAS) 

where H is a rea@ closed three-form. One can also define a twisted exterior derivative djj that 
acts on any form rj £ f\ m T* as 

d H r) = dr] + H A 77. (C.49) 

A Lie algebroid is a vector bundle L on a smooth manifold M equipped with a Lie bracket 
[, ] on C°°(L) and a smooth bundle map a : L — > T, called the "anchor". The anchor must 
induce a Lie algebra homomorphism a : C°°(L) — * C°°(T), i.e. 

a([X,Y}) = [a(X),a(Y)] VX,YeC°°(L), (C.50) 

and satisfy a Leibniz rule |149] . It is useful to think of a Lie algebroid as a generalization of 
the (complexified) tangent bundle, sine if we take L = T (the tangent bundle) and a = id, the 
bracket reduces to the ordinary commutator of vector fields and both conditions are obviously 
satisfied. 

A complex structure on M is an endomorphism J : T — > T satisfying J 2 = — 1 . A symplectic 
structure on M is a non-degenerate skew form uj £ /\ 2 T*. One may view w as a map T — > T* 
via the interior product 

<jj : v — * l v u , v £T . (C.51) 

This implies that a symplectic structure on T can be defined as an isomorphism u : T — > T* 
satisfying to* = -uj, where uj* : (T*)* = T -> T*. 

A generalized complex structure on T is an endomorphism J of the direct sum T © T* which 
satisfies 

68 H does not necessarily have to be real, but since the Courant bracket is a real quantity, it makes sense to 
restrict H to be real here. 
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• J is complex, i.e. J 2 = — 1 

• J is symplectic, i.e. J* = — J . 

The usual complex and symplectic structure are embedded in the notion of generalized complex 
structure in the following way: If J is a complex structure on M, then the 2n x 2n matrix 
(written w.r.t. the direct sum T © T*) 

* = ("o J j-) < c - 52 > 

is a generalized complex structure on T. Similarly, if a; is a symplectic structure on M, then 

X = (I "f ) (C53) 

is also a generalized complex structure. We therefore observe, that diagonal and anti-diagonal 
generalized complex structures correspond to complex and symplectic structures, respectively. 
The interesting aspect of GCG is that it interpolates between the two. 

Specifying J is equivalent to specifying a maximal isotropic subspace of (T © T* ) (g) C of 
real index 0. A subspace L C (T © T*) C is isotropic when (X,Y) = for all X,Y £ L, it 
is maximal when its dimension is maximal, i.e. n in our case. Its real index r is given by the 
complex dimension of L H L. Every maximal isotropic in T © T* corresponds to a pure spinor 
line bundle. A spinor (p is called pure when its null space L v = {v G T © T 8 : v ■ ip = 0} is 
maximal isotropic. The pure spinor line bundle is generated by 

ip L = exp(B + iuj)n (C.54) 

where B and uj are real two-forms and = 6\ A . . . A 9k for some linearly independent one-forms 
{0i}- The integer k is called the "type" of the maximal isotropic. The maximal isotropic is of 
real index zero if and only if 

L0 n - k AfiAfi ^ 0. (C.55) 

The type of a maximal isotropic is the codimension k of its projection onto T. Then any 
generalized complex structure of type k = is a B-field transform of a symplectic structure 
3 W as in (|CIH3]> . which det ermines a maximal isotropic L = {X — iu(X) : I £ T®C) and a 
pure spinor line generated by <pl = exp(icj). The B-field transform gives rise to a generalized 
complex structure 

with maximal isotropic L = e~ B L = {X — (B + iuj)(X) : I £ T^C} and pure spinor line 
p e -B L = exp(B + iuS). 

The extremal type k = n is related to complex structures. Note that Jj as defined in (|C.52p 
determines a maximal isotropic L = Tq^ © T x * (where T\ t Q = Tq ; i is the +i-eigenspace of J) 
and a spinor line generated by (p£ = J7 n, ° (where £l n '° is any generator of holomorphic n-forms 
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on the n-dimensional space (T, J)). Then any generalized complex structure of type k = n is 
the B-field transform of a complex structure, i.e. 



Jk 



■=n 




B 



( 



-J 
BJ + J*B J* 



) 



(C.57) 



with maximal isotropic L = e L = {X + £ — tx-B : X + £ G To,! © r* } and pure spinor 
(p e -B L = ex.p(B) J7 n, °. Note that in this case only the (0,2) component of the real two-form B 
has any effect. B-field transforms of complex structures are always block-lower-diagonal, an 
observation used in [91J. 

Let us also note the following integrability considion for generalized (almost) complex struc- 
tures: A generalized complex structure of type k = n is integrable if and only if the complex 
structure J is integrable, a generalized complex structure of type k = is integrable if and only 
if d(B + iu) = 0. 

A generalized almost complex structure is said to be a twisted generalized complex structure 
when its +i-eigenbundle is involutive w.r.t. the i7-twisted Courant bracket, H being the closed 
real three-form introduced around equation (|C48[) . Given any integrable -ff-twisted generalized 
complex structure J ', its conjugate e B Je~ B is integrable w.r.t. the H + dB-twisted Courant 
bracket, for any smooth two-form B. This means that the space of twisted generalized complex 
structures depends only on the cohomology class [H] G H 5 (M, R). 

We close this section we a few remarks about generalized Kahler and generalized Calabi-Yau 
manifolds, as they are of particular importance in string theory. 

Since the bundle T © T* has a natural inner product ( , ), it has structure group 0(2n, 2n). 
The specification of a positive definite metric G (G 2 = 1) that is compatible with this inner 
product is equivalent to the reduction of the structure group to 0{2n) x 0(2n). If the manifold 
allows for a generalized complex structure J this means a reduction of the structure group 
U(n,n) C 0(2n,2n) to U{n) x U(n) if the metric G commutes with J . Note that since G 2 = 1 
and JG = GJ ', the map GJ squares to —1, i.e. it defines another generalized complex structure. 

Gualtieri [89J is therefore led to the following definition of a generalized Kahler manifold: A 
generalized Kahler structure is a pair {J\,J%) of commuting generalized complex structures such 
that G = —J1J2 is a positive definite matric on T © T* . In accordance with the observations 
above this means that the existence of a generalized Kahler structure is equivalent to a reduction 
of the structure group to U(n) x U{n). This has been exploited to extend string theory on 
manifolds of SU(3) structure (recall section S]) to manifolds with SU(3) x SU(3) structure [94] . 

A special case of generalized Kahler structures is of course the usual Kahler structure, since 
a Kahler manifold has both a complex and a symplectic structure. So, we can define two 
generalized complex structures (|C52|) and (IC.53jl . which obviously commute, and 




(C.58) 



where g is the Riemannian metric on the Kahler manifold. 
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Any B-field transform of a generalized Kahler structure [3\ ■, J®) = {BJiB^ 1 , B^B^ 1 ) 
is also generalized Kahler. In the case with J\ = Jj and Ji = the metric after B-field 
transform becomes 

showing that the generalized Kahler metric need not be diagonal. 

According to [89J, any generalized Kahler metric is uniquely specified by the existence of 
a Riemannian metric g and a two-form b, where b does not have to be closed. Therefore, a 
generalized Kahler metric is not simply a B-field transform of a Riemannian metric (for a B- 
field transform we require B to be closed). The torsion of the generalized Kahler structure is 
given by h = db. 

Moreover, and this has been exploited in the formulation of generalized topological sigma 
models (see section IC.5|h any generalized Kahler structure is determined by a bi-Hermitian 
structure on the manifold M. A U{n) x U(n) structure is equivalent to the specification of 
(<7, b, J+, J_) with Riemannian metric g, two-form b and two Hermitian complex structures J±. 
One could call this a "bi-Hermitian structure with b-field" . Let u± be the two-forms associated 
to the complex structures J±, i.e. 

w± = gJ± . (C.60) 
Then the maps b ± g determine the metric G via 

°- £) - n c o ?) • <*»> 

The generalized complex structures J7i,2 are found to be 

1/1 Q\(J + ±J. -(^T^Wl 0\ 

Jl ' 2 -2\b ij Utcu_ -(j;± Jt) ) {-b i) ■ (c - 62) 

Note that the degenerate case where J+ = ±J_ corresponds to {J\,J-i) being the B-field 
transform of a genuine Kahler structure. 

For a generalized Kahler structure the torsion h is of type (2,1)+(1,2) w.r.t. both complex 
structures J±. Also note the following important corollary: For a generalized Kahler structure 
with data (g, b, J±) the following are equivalent 

• h = db = 

• (J+,g) is Kahler 

• (J- , g) is Kahler. 

In other words, in the absence of torsion the bi-Hermitian structure reduces to a bi-Kahler 
structure. This does not necessarily imply J + = J_ , though. 

For a (integrable) generalized Kahler structure it is also true that the complex structures J± 
are covariantly constant w.r.t. to two different torsional connections 

V ± = V± \g~ 1 h. (C.63) 
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These are metric connections with torsion Tq(V ) = ±g~ 1 h where h = db. This is precisely 
the geometry first observed in physics [126j . where it occurred as the target space geometry of 
N = (2, 2) supersymmetric sigma models with torsion, as we reviewed in section fC.ll 

As before, we can extend the notion of a generalized Kahler structure to a twisted generalized 
Kahler structure by requiring integrability of J\ and Ji w.r.t. the £f-twisted Courant bracket. 
Then J± are still integrable complex structures, but the torsion in the torsional connection is 
now given by db + H, which is still of type (1,2)+(2,1). 

In [88] also the concept of generalized Calabi-Yau manifolds was introduced. A generalized 
Calabi-Yau is defined as a generalized Kahler structure {JJ\, J%) where each generalized complex 
structure has holomorphically trivial canonical bundle. Analogous, we can define a twisted 
generalized Calabi-Yau. 

C.5 Generalized Topological Sigma Models 

In section lC.il we reviewed that M = 2 supersymmetry can be preserved if the target manifold of 
the nonlinear sigma model possesses a bi-Hermitian structure (g, B, J + , J_) (with H = dB ^ 0). 
This is exactly the data required for a generalized Kahler structure to exist, see section IC.4I and 
we can find it applying the definitions (|C.62p , This realization has been used to go beyond the 
work of [126] and define sigma models in terms of generalized complex structures only [95]. Very 
recently, [95J has also solved the problem of finding an off-shell formulation for this theory. A 
formulation for (2,0) models also exists [96J, but in the following we will focus on the (2,2) 
sigma model relevant for type II string theory. 

Let us also note that [126] already realized that when both complex structures commute the 
manifold reduces locally to prodcut of two Kahler structures. The case where H = has also 
been analyzed in the GCG framework by [97]. Note that the sigma model of [126] does not 
simply reduce to a Kahler target, but actually to a bi-Kahler target in that case. 

The important question is now: Can we use these concepts for string theory? In particular, 
can we construct a topological string theory based on these generalized sigma models? To 
answer this question we focus on the work of Kapustin and Li [90], which exploits the relation 
of a bi-Hermitian structure to a generalized Kahler structure. They actually define generalized 
A and B models, i.e. topological models, and give an interpretation of the relevant observables 
and anomaly cancellation conditions in terms of GCG. 

By analogy, one would expect generalized A and B models to depend on only "half" the 
geometric data (recall that the ordinary A model only depends on the Kahler structure, the 
ordinary B model only depends on the complex structure of the target M). It turns out that 
(at least on the classical level) the generalized A and B model depend on only one of the two 
generalized complex structures that describe the generalized Kahler target. 

As already mentioned in section IC.2I the topological twist can be performed w.r.t. two 
different U(l) symmetries: there is an axial U{\)a and a vector U{l)y R-symmetry. On a 
Kahler target, both these symmetries exist classically, but U{\)a has an anomaly unless the 
manifold has vanishing first Chern class, i.e. is a Calabi-Yau. The A model is defined by 
twisting the ?7(l)y, the B model by twisting the U(1)a- 

In principle, the same construction can be applied for the "generalized" sigma model. Re- 
call that the sigma model constructed in [126] requires a target with a bi-Hermitian structure 
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and non-closed three form H. These two complex structures J+ and J_ induce two different 
decompositions of the (complexified) tangent bundle 



-,1,0 



rp0,l 



T 



1,0 



-,0,1 



(C.64) 



Under these decompositions the fermionic fields tp± can be split accordingly into holomorphic 
and anti-holomorphic parts (recall that the indices ± indicate left and right movers, so the two 
complex structures J± are actually interpreted as independent complex structures for left and 
right movers): 



- (1 - % J+) ^ + - (1 + i J 4 



i J_)^_ + -(l-H J- 



(C.65) 



The bosons are not charged under U(l) R-symmetry, and classically there are two inequivalent 
ways to assign U(l) R-charge to the fermions: 



U(i)v;- 
U(l) A ;: 



qv 



(IA 



iJ+)ip+ 



1 



(l-*J + )^+ 



-1 



-1 



9.4 



1 



1 



-1 



+1 



(C.66) 
(C.67) 



Then, as described in section IC.21 the inequivalent twist is done by shifting the fermionic spin 
either by qy/2 or and the corresponding models were baptized "generalized A and B 

models" in [90]. Note that flipping the sign of only J_ exchanges generalized A nd B model. 

As for ordinary topological sigma models, one has to ensure anomaly cancellation for the 
twist to be well-defined. The anomalies in this case can be computed using the Atiyah-Singer 
index theorem and it was found 



U(l) v 
U{1)a 



,1,0 



ci Tt 



ci [T 



-,1,0 



-,1,0 








(C.68) 



where c\ is the first Chern class of the corresponding tangent bundle. These conditions can 
be interpreted in terms of GCG. Recall that we had defined a generalized Kahler manifold to 
possess two generalized Kahler structures that commute. They define a positive definite metric 
via G = —J1J2 on T©T*. The generalized complex structure J\ defined in (|C62[) induces two 
complex structures on T . These are precisely the complex structures J± of the bi-Hermitian 
geometry. 

Let E± and E2 denote the +i-eigenb undies of J\ and respectively, and let C± indicate 
the ±l-eigenbundle of the metric G on T © T* . Since J\ and J2 commute (this was one 
of the conditions for generalized Kahler structures), one can decompose E\ = Ef © E^ and 



E2 = E% © E 2 , where the superscript db labels the eigenvalues ±i of the other generalized 
complex structure, i.e. Ef has eigenvalue +i under J2. It then follows that 



C± 



E2 



Eo 



(C.69) 
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This can be used to rewrite the anomaly cancellation condition (|C.68P as 



U(1) V : 
U(l) A : 



ci(E 2 ) = 
ci(E x ) = 0. 



(C.70) 



This might seem to indicate that the U(l) R-symmetry is anomaly free if Ji or J\ define 
a generalized Calabi-Yau structure. This is not quite true, since the generalized Calabi-Yau 
condition as defined in [88] is stronger. But it reverse statement is true: if J\ is a generalized 
Calabi-Yau structure, then c\(E\) = 0. Nevertheless, it was shown in [90] that the twisting 
makes only sense (physically) if the stronger Hitchin-Gualtieri condition is fulfilled, because it 
also ensures the absence of BRST anomalies. This is similar to a statement in ordinary complex 
geometry: a manifold M with c\{M) = is only a Calabi-Yau if it has nowhere vanishing 
holomorphic sections of the canonical line bundle (this might be violated if the canonical bundle 
is not trivial, e.g. if M is not simply connected). 

We can therefore state that a generalized A model males sense if J2 defines a generalized 
Calabi-Yau, whereas the generalized B model can be defined if J\ defines a generalized Calabi- 
Yau. The assignment of J7i2 is not arbitrary, but given in (|C.62j) . Switching J_ — > — J_ 
exchanges J\ and J2 and therefore also exchanges generalized A and B model. This might be 
interpreted as a hint towards (generalized) mirror symmetry. 

The next immediate question would be: What are the relevant BRST operators and observ- 
ables? Let us follow the discussion of the generalized B-model in [90], since the generalized 
A-model is obtained by flipping the sign of J_ . Let Q± denote the usual supersymmetry gener- 
ators in light cone coordinates and Q the generator of the extra, non-manifest supersymmetry. 
One can then define two operators 



that are nilpotent and anticommute. The twist shifts the spin of these operators, so that we can 
define a good BRST operator for the generalized B-model as 



It was than further shown in [90j that the BRST complex (for the B-model) coincides with 
the cohomology of the Lie algebroid L (see definition around equation (jC50|) ) associated to E±, 
the +i-eigenbundle of J\. The natural choice for the complex Lie algebroid in this case is to 
take L to be the — i-eigenbundle of J\. The bracket on L is then induced by the Courant bracket 
on T © T* and the anchor is the projection a : L —* T (g) C. The associated complex controls 
the deformations of the twisted generalized complex structure J\ (with H = db fixed). 

One can furthermore consider the cohomology of states. In the usual sigma model with 
Kahler target, there is a well-known state-operator isomorphism identifying both cohomologies. 
In general, the cohomology of operators is given by the chiral ring whereas the cohomology of 
states is interpreted as the zero-energy states in the RR sector. The isomorphism between the 
two spaces is given by the spectral flow [50] . 

Even if the U(l) R-symmetry is anomalous in the usual sigma model and the twisting does 
not make sense, one can nevertheless define the chiral ring and the space of RR ground states. 




(C71) 



Qbrst = Ql + Qr ■ 



(C.72) 
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They are now (in general) non-isomorphic. E.g. for the Kahler target with H = the chiral ring 
is given by H*(/\* T(X)), whereas the RR ground states are given by the deRham cohomology 
H'(Q*(X)). Only for a Calabi-Yau target X both spaces are isomorphic. For the generalized 
B— model the chiral ring is given by Lie algebroid cohomology associated with J\ |90] (this holds 
true even is the twist cannot be defined). 

To discuss the cohomology of states, one defines an operator Q = Q + + iQ^ which turns out 
to b^fl a twisted deRham operator 

d H = d-H A . (C.73) 

Note that this reduces to the ordinary deRham operator when H = 0. Therefore, the supersym- 
metric ground states for the generalized B-model are given by the d#-cohomology. The BRST 
operator Qbrst is related to Q via 

Qbrst = \{Q + [Jr,Q\) (C.74) 

where Jr is the Noether current associated to the ?7(l)_R-symmetry we twisted with [90J. This 
actually implies 

Qbrst = d H (C.75) 

with the twisted generalized Dolbeault-operator as defined by Gualtieri [89]. It then follows 
that the BRST-cohomology of operators is isomorphic to the Lie algebroid cohomology of L 
(the — z-eigenbundle of J\). On the quantum level this isomorphism may be changed due to 
worldsheet instantons. 

Above consideration were basically a generalization of the closed topological string theory 
presented in section IC.2I For open strings (worldsheet with boundaries), we would also need to 
introduce the concept of generalized topological A and B branes, see [9T j 1150} 1151 j . 

Thus, we have learned that (with some effort) one can define a topological string theory for 
generalized Kahler targets, if the manifold is generalized Calabi-Yau w.r.t. to one of the gener- 
alized complex structures. Then the topological observables depend only on the cohomology of 
this generalized complex structure, but not on both. 



up to a numerical factor of — v2i 
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